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QCD lecture 1 (p. 2)

L What is QCD QCD

QUANTUM CHROMODYNAMICS

The theory of quarks, gluons and their interactions

It's central to all modern colliders.
(And QCD is what we're made of)



QCD lecture 1 (p. 3)

CWhat is cD The ingredients of QCD

» Quarks (and anti-quarks): they come in 3 colours

» Gluons: a bit like photons in QED

But there are 8 of them, and they're colour charged

» And a coupling, as, that's not so small and runs fast
At LHC, in the range 0.08(@ 5 TeV) to O (1)(@ 0.5 GeV)



QCD lecture 1 (p. 4)

L What is QCD Aims of this course

I'll try to give you a feel for:

How QCD works
How theorists handle QCD at high-energy colliders

How experimenters can work with QCD at high-energy
colliders



QCD lecture 1 (p. 5)

L What is QCD Lagrangian + colour

Let’s write down QCD in full detail

(There's a lot to absorb here — but it should become more
palatable as we return to individual elements later)




QCD lecture 1 (p. 5)

L what is QD Lagrangian + colour
Y1

Quarks — 3 colours: ¥, = o
3

Quark part of Lagrangian:

Eq = &a(i')/“audab - gs'yut;ﬁ;AE - m)¢b



QCD lecture 1 (p. 5)

L What is QCD Lagrangian + colour

1

Quarks — 3 colours: ¥, =

(G
Quark part of Lagrangian:

Eq = 1Za(’.')/'ua,uéab - gs'yutaCb-A;f - m)¢b

SU(3) local gauge symmetry <+ 8 (= 3% — 1) generators tl, ... t5,
corresponding to 8 gluons AL e Aﬁ.

A representation is: tA = %/\A,
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QCD lecture 1 (p. 6)

L What is QcD Lagrangian: gluonic part

Field tensor: Flf‘,/ = 8,#1’;‘ —9,AL — g5 fABCAEAE [tA, tB] = ifapct©

fagc are structure constants of SU(3) (antisymmetric in all indices —
SU(2) equivalent was €BC). Needed for gauge invariance of gluon part of
Lagrangian:

1

L=,

py A py
Fi"F



QCD lecture 1 (p. 6)

L what s QcD Lagrangian: gluonic part

Field tensor: Flf‘,/ = 8HA§ — 0,AL — g, fABCAE.AE [tA, tB] = ifapct©

fagc are structure constants of SU(3) (antisymmetric in all indices —
SU(2) equivalent was ¢BC). Needed for gauge invariance of gluon part of
Lagrangian:

1

L=,
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QCD lecture 1 (p. 7)

L Basic methods SOlVlng QCD

Two main approaches to solving it

» Numerical solution with discretized space time (lattice)
» Perturbation theory: assumption that coupling is small

Also: effective theories



QCD lecture 1 (p. 8)
Basic methods
Lattice

Lattice QCD

» Put all the quark and gluon fields
of QCD on a 4D-lattice
NB: with imaginary time

» Figure out which field
configurations are most likely (by
Monte Carlo sampling).

» You've solved QCD

image credits: fdecomite [Flickr]


http://www.flickr.com/photos/fdecomite/2615572026/

QCD lecture 1 (p. 9)
Basic methods
Lattice

Lattice hadron masses

Lattice QCD is great at cal-
culation static properties of a
single hadron.

E.g. the hadron mass spec-
trum

2000 — : -
- [Budapest-Marseille-Wuppertal collaboration
1 —Q
1 Al ¥
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1 - e
= ] B
3 1000 5 $
= 7] "
— 1 eyt = N
j ==l
500 B g —— experiment
q == width
o input
0 I i QCD

Durr et al '08



QCD lecture 1 (p. 10)

L Basic methods Latt|ce fOI’ LH C?

Lattice

How big a lattice do you need for an LHC collision @ 14 TeV?

~107° fm

Lattice spacing: 14 Tev
—_— e

Lattice extent:

» non-perturbative dynamics for quark/hadron near rest takes place on

timescale t ~ ~ 0.4 fm/c

0.5 GeV
» But quarks at LHC have effective boost factor ~ 10*

» So lattice extent should be ~ 4000 fm

Total: need ~ 4 x 108 lattice units in each direction, or 3 x 103* nodes total.
Plus clever tricks to deal with high particle multiplicity,
imaginary v. real time, etc.



QCD lecture 1 (p. 11) .
L Basic methods Pel’tu rbat|0n theory

Perturbation theory

Relies on idea of order-by-order expansion small coupling, as < 1

2 3
as+ oy + a; + ...
small  smaller negligible?
Interaction vertices of Feynman rules:
A p D,o A1
Cop B,v
a b -2 (XAC £XBD ypiv
; v —ig A gl gl —
—igsthy" —&5((p — q)’g" &g +(C,7) &
Ha—rye (D) + (B.v)  (C,7)

+(r—p)g™]

These expressions are fairly complex,
so you really don’t want to have to deal
with too many orders of them!

i.e. as had better be small. ..



QCD lecture 1 (p. 12)

L Basic methods What do Feynman rules mean physically?

Perturbation theory

A Al

(001 0) /010)\ /1
1 00 0
0 0O 0
——
1l_fb talb 'éz)a

A gluon emission repaints the quark colour.
A gluon itself carries colour and anti-colour.



QCD lecture 1 (p. 13)

L Basic methods What does “ggg” Feynman rule mean?

Perturbation theory

C.p
q
B,v
—&sf5(p — q) g
+g—r)g”

Hr = p)"g™]

A gluon emission also repaints the gluon colours.

Because a gluon carries colour + anti-colour, it emits ~
twice as strongly as a quark (just has colour)



QCD lecture 1 (p. 14)
Basic methods

Quick guide to colour algebra
I—Perturbation theory

Tr(t4t5) = TRo"B, Tk

N2—-1 4
ZA tfbtﬁc = Crlac, Cr= - =

B
ZC,D fACDfBCD — CA(SAB , CA — Nc =3

b a
1 1 . ; =1 -1
t;qbt?d = Eébcaad — 2—NC53b5Cd (Flerz) 2] E 2N
c d

. = number of colours = 3 for QCD
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QCD lecture 1 (p. 14)
Basic methods

Quick guide to colour algebra
I—Perturbation theory

Tr(t4t5) = TRO"B,  Tg

N2—-1 4
ZA tfbtﬁc = Crlac, Cr= - =

B
ZC,D fACD £BCD _ CA(sAB , Ca=N.=3

b a
1 1 . =1 -1
At = §5bc5ad - 2—Nc5ab5cd (Fierz) ; 2:|Y E 2N
c d

. = number of colours = 3 for QCD



QCD lecture 1 (p. 15)

L Basic methods HOW b|g iS the COUpling?

Perturbation theory

All couplings run (QED, QCD, EW), i.e. they depend on the momentum
scale (Q?) of your process.

The QCD coupling, as(Q?), runs fast:

oo
028052 = B(as), Blas) = —a2(by + bras + bra? +...),
b - 1Ca—2n b 17C3 — 5Can —3Cpne 153 — 19n;
°T 1o e 2472 T 2472

Note sign: Asymptotic Freedom, due to gluon to self-interaction
2004 Novel prize: Gross, Politzer & Wilczek
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L Basic methods HOW b|g iS the COUpling?

Perturbation theory

All couplings run (QED, QCD, EW), i.e. they depend on the momentum
scale (Q?) of your process.

The QCD coupling, as(Q?), runs fast:

foJe}
028052 = B(as), Blas) = —a2(by + bras + bra? +...),
b - 1Ca—2n , 17C3 — 5Can —3Cen, 153 — 191,
0 — ) - -

127 b 2472 T 2472
Note sign: Asymptotic Freedom, due to gluon to self-interaction
2004 Novel prize: Gross, Politzer & Wilczek

> At high scales Q, coupling becomes small
[ quarks and gluons are almost free, interactions are weak
> At low scales, coupling becomes strong
0 quarks and gluons interact strongly — confined into hadrons
Perturbation theory fails.



QCD lecture 1 (p. 16)

asic methods Running coupling (cont.)

Perturbation theory

0
Solve @2 Qs _ —boaf

0Q?




QCD lecture 1 (p. 16)
Basic methods

I—Perturbation theory Runnlng Coupllng (Cont)
oo as(Q?) 1
Solve Q2= = —hpa? = as(Q?) = 5 _
0Q? 0 (Q9) 1+ boas(@3) In 8_5 bo In %2
0

AN ~ 0.2 GeV (aka Agcp) is the

0.5 April 2004
. i - 9 &)
fundamental scale of QCD, at which Q) I\ N 2z 2
X \
H \ Deep Inelastic Scattering A
coupling blows up. \\ e o e
0.4} \ Hadron Collisions o T
W\ Heavy Quarkonia L E‘
» A sets the scale for hadron masses ‘\* — o
™S s z
(NB: A not unambiguously 03 ocp [P MeV 01209
. . - Oad) 210 MeV 0.1182 |
defined wrt h|gher orders) 1180 Mev — —0.1155

» Perturbative calculations valid for ozl
scales @ > A.

0.1




QCD lecture 1 (p. 17)

L asic methods QCD perturbation theory (PT) & LHC?

Perturbation theory

» The “new physics” at colliders is searched for
at scales Q ~ p; ~ 50 GeV — 5 TeV

The coupling certainly is small there!

» But we're colliding protons, m, ~ 0.94 GeV
The coupling is large!

0 QGev] ™



QCD lecture 1 (p. 17)

L asic methods QCD perturbation theory (PT) & LHC?

Perturbation theory

0.5
a(Q \\

0.4 h|

» The “new physics” at colliders is searched for
at scales Q ~ p; ~ 50 GeV — 5 TeV

The coupling certainly is small there!

0.3

» But we're colliding protons, m, ~ 0.94 GeV
The coupling is large!

0.2

0.1

1 100

" QIGev]

When we look at QCD events (this one is inter- ”
preted as ete™ — Z — qg), we see: g
&

» hadrons (PT doesn't hold for them) 7 Jj \\] .

> lots of them — so we can’t say 1 quark/gluon ' \\\ /X
~ 1 hadron, and we limit ourselves to 1 or 2 - ;‘;/Q&/
orders of PT. - A



QCD lecture 1 (p. 18)
Basic methods
Perturbation theory

Neither lattice QCD nor perturbative QCD can offer
a full solution to using QCD at colliders

What the community has settled on is perturbative QCD
inputs + non-perturbative modelling/factorisation

These lectures:

» Examine how perturbation theory allows us to understand why QCD
events look the way they do.

» Look at the methods available to carry out QCD predictions at hadron
colliders

» Discuss how knowledge of QCD can help us search for new physics



QCD lecture 1 (p. 19)

Lete = ag Soft gluon amplitude

I—Soft—collinear emission

Start with v* — q@:

P71

_ . -ie
Mg = —t(p1)iegv.v(p2) Yu

P2



QCD lecture 1 (p. 19)

Lete = ag Soft gluon amplitude

I—Soft—collinear emission

Start with v* — q@:

P
Mg = —1(p1)iegyuv(p2) N
P2
Emit a gluon:
Magg = W(pr)igsft—— iegruv(p) ) "
qag = U(p1)igsft”" ———ieqVyuv(p2 -iey ’ -iey

p/l + /k - e v k&
) P2

— a(pl)ieqwmigs%t%(pz)



QCD lecture 1 (p. 19)

Lete= — ag Soft gluon amplitude

I—Soft—collinear emission

D(pl)igs%tAmiquV(pz) = —igsﬂ(m)%ﬁeqwt/‘\/(pz)

Use AB = 2A.B — BA:
= —igs(p1) e + K) = (8 + DA s et "v(p2)
Use t(p1)p#; = 0 and k < p1 (p1, k massless)

1 A
(Lt K2 eqVut” v(p2)

. p1-€ _ A
= — _— t
oLk u(p1)eqvut”v(p2)

~ —igst(p1)[2¢€.p1] T

pure QED spinor structure




QCD lecture 1 (p. 19)

Lete = ag Soft gluon amplitude

I—Soft—collinear emission

Start with v* — q@:

P
Mg = —1(p1)iegyuv(p2) N
P2
Emit a gluon:
Mg = 0(py)igeft"——— ieqr,v(p2) - "
gg = u(p1)ig. ——1€qYu VP2 —iey —iey
qqg s ,514_}( q T " ke " ..
_ . 1 . A p p
—u e —— g ¢tV 2 2
(p1) q')’uﬂz_i_k&% (p2)

Make gluon soft = k < py 2; ignore terms suppressed by powers of k:

R PLE  p€ pv(p) =0,
Magg = U(p1)iegrut”v(p2) & (pl,k p2.k> PK + Ke = 2p.k



QCD lecture 1 (p. 20) .
Cete — qg Squared amplitude

I—Soft—collinear emission

2
— . A P1-€ P2.€
u(pi)iegy,t” v(p: _ =
(p1)iegVu (p)gs<p1.k pz.k>‘

‘Mgég‘ = Z

A,pol

2
p1 p2 2p1.p2

I\/I C _— /\/l Crge——————

I MealCres (Pl-k Pz'k> = [MaalCre S(Pl-k)(Pz-k)
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Cete - g Squared amplitude

I—Soft—collinear emission

2
— . A P1-€ P2.€
u(pi)iegy,t” v(p _ =
(p1)iegVu (p)gs<p1.k pz.k>‘

‘Mgég‘ = Z

A,pol

2
p1 p2 2p1.p2

I\/I C _— /\/l Crge——F——

I MealCres (Pl-k Pz'k> = [MaalCre S(Pl-k)(Pz-k)



QCD lecture 1 (p. 20) .
Lete = ag Squared amplitude

I—Sot’t—collinear emission

‘Mgag‘ = Z

2
— . P1-€ P2.€
1(p1)ieg .t v(p2) & <— - —) ‘
A,pol

pi-k  pa2.k

2
p1 p2 2p1.p2
MZ.|C s M2, |Crg2—PLl2
Mgl Cre: <P K pz.k> = M| Cre S(Pl-k)(P2-k)



QCD lecture 1 (p. 20) .
Cete — qg Squared amplitude

I—Soft—collinear emission

‘Mgag‘ = Z

2
— . p1-€ P2.€
h(p1)ieg .t v(p2) & <— — —>‘
A,pol

pi-k  p2.k

2
p1 p2 2p1-p2

M2, |Crg? [P — P2 M2, |Crg2—2PLP2__

I MealCres <P1~k Pz-k> = M| Cre 5(P1~k)(P2~k)

Include phase space:

d3E 2 2p1.p2

2E(2r)3 T8 (pr.K)(p2.k)

d¢qag|Mc2,ag‘ = (d¢an§a|)



QCD lecture 1 (p. 20) .
Cete - g Squared amplitude

I—Soft—collinear emission

2
— . A P1-€ P2.€
u(pi)iegy,t” v(p: _ =
(p1)iegVu (p)gs<p1.k pz.k>‘

‘Mgég‘ = Z

A,pol

2
p1 p2 2p1.p2

I\/I C _— /\/l Crge——————

I MealCres (Pl-k Pz'k> = [MaalCre S(Pl-k)(Pz-k)

Include phase space:

d3E 2 2p1.p2

2E(2m)2 7% (p1.k)(pa.k)

Note property of factorisation into hard gg piece and soft-gluon emission
piece, dS.

d¢qag|Mc2;ag‘ = (d¢qa\M§a!)



QCD lecture 1 (p. 20) .
Cete — qg Squared amplitude

I—Soft—collinear emission

‘Mgag‘ = Z

2
— . p1-€ P2.€
h(p1)ieg .t v(p2) & <— — —>‘
A,pol

pi-k  p2.k

2
p1 p2 2p1-p2

M2, |Crg? [P — P2 M2, |Crg2—2PLP2__

I MealCres <P1~k Pz-k> = M| Cre 5(P1~k)(P2~k)

Include phase space:

d3E 2 2p1.p2

2E(2m)2 7% (p1.k)(pa.k)

Note property of factorisation into hard qg piece and soft-gluon emission
piece, dS.

d¢qag|Mc2]z7g‘ = (d¢qa\M§q!)

dgb 205 Cr 2p1.p2 0 = 0p,k

d EdE d 9 :
§= o8 7w (2p1.k)(2p2.k) ¢ = azimuth




QCD lecture 1 (p. 21)

Lete - a3 Soft & collinear gluon emission

I—Soft—collinear emission

Take squared matrix element and rewrite in terms of E, 6,

2p1-p2 _ 1
(2p1.k)(2p2.k)  E?(1 — cos?0)
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Lete - a3 Soft & collinear gluon emission

I—Soft—collinear emission

Take squared matrix element and rewrite in terms of E, 6,

2p1-p2 _ 1
(2p1.k)(2p2.k)  E?(1 — cos?0)

So final expression for soft gluon emission is

_ 205Cr dE dO dg

ds T E sinf 21



QCD lecture 1 (p. 21) . . .
Lete - a3 Soft & collinear gluon emission

I—Soft—collinear emission

Take squared matrix element and rewrite in terms of E, 6,

2p1-p2 _ 1
(2p1.k)(2p2.k)  E?(1 — cos?0)

So final expression for soft gluon emission is

_ 20.Cr dE db do
o7 E sinf 27

ds

NB:

» It diverges for E — 0 — infrared (or soft) divergence

» It diverges for 8 — 0 and 6 — m — collinear divergence



QCD lecture 1 (p. 21) . . .
Lete - a3 Soft & collinear gluon emission

I—Soft—collinear emission

Take squared matrix element and rewrite in terms of E, 6,

2p1-p2 _ 1
(2p1.k)(2p2.k)  E?(1 — cos?0)

So final expression for soft gluon emission is

_ 20.Cr dE db do
o7 E sinf 27

ds

NB:

» It diverges for E — 0 — infrared (or soft) divergence

» It diverges for 8 — 0 and 6 — m — collinear divergence

Soft, collinear divergences derived here in specific context of ete™ — gg
But they are a very general property of QCD



QCD lecture 1 (p. 22)

Letem — qg Real-virtual cancellations: total X-sctn

- Total X-sct

Total cross section: sum of all real and virtual diagrams

2
P1

_ieyLl K. . —iey“ y ie Yu

P2

Total cross section must be finite. If real part has divergent integration, so
must virtual part. (Unitarity, conservation of probability)
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- Total X-sct

Total cross section: sum of all real and virtual diagrams

2
P1

—ieyu K & —iey“ ie Y

P2

Total cross section must be finite. If real part has divergent integration, so
must virtual part. (Unitarity, conservation of probability)

Crot = O ( 2aSCF / dE/ R(E/Q,0)
2a5C,: dE
/ /sm@ (E/@, 6)>
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Letem — qg Real-virtual cancellations: total X-sctn

- Total X-sct

Total cross section: sum of all real and virtual diagrams

2
P1

—ieyu K & —iey“ ie Y

P2

Total cross section must be finite. If real part has divergent integration, so
must virtual part. (Unitarity, conservation of probability)

Crot = O ( 2aSCF / dE/ R(E/Q,0)
2a5CF dE
/ /sm@ (E/@, 6)>

R(E/Q,0) parametrises real matrix element for hard emissions, E ~ Q.

V(E/Q,0) parametrises virtual corrections for all momenta.
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Cete —an Total X-section (cont.)

- Total X-sct

o = oug (14 22 [ [ 20 (R(E/0.0) - V(E/Q.0)))

» From calculation: limg_,o R(E/Q,0) = 1.
» For every divergence R(E/Q.0) and V(E/Q,®) should cancel:

lim(R— V)= lim (R—-V)=
ER=VI=0 g (R V) =0
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Cete —an Total X-section (cont.)

- Total X-sct

o = oug (14 22 [ [ 20 (R(E/0.0) - V(E/Q.0)))

» From calculation: limg_,o R(E/Q,0) = 1.
» For every divergence R(E/Q.0) and V(E/Q,®) should cancel:

lim(R— V)= lim (R—-V)=
ER=VI=0 g (R V) =0

Result:

» corrections to oot come from hard (E ~ Q), large-angle gluons
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Cete —an Total X-section (cont.)

- Total X-sct

o = oug (14 22 [ [ 20 (R(E/0.0) - V(E/Q.0)))

» From calculation: limg_,o R(E/Q,0) = 1.
» For every divergence R(E/Q.0) and V(E/Q,®) should cancel:

lim(R—V)= lim (R—V)=
EILno( )=0, 9—I>rcr)1,7r( )=0

Result:
» corrections to o4 come from hard (E ~ Q), large-angle gluons

» Soft gluons don't matter:
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Cete —an Total X-section (cont.)

- Total X-sct

o = oug (14 22 [ [ 20 (R(E/0.0) - V(E/Q.0)))

» From calculation: limg_,o R(E/Q,0) = 1.

» For every divergence R(E/Q.0) and V(E/Q,®) should cancel:
Iim(R—V)=0 li R—V)=0
EILno( ) ’ 9—I>rcr)1,7r( )

Result:

» corrections to o4 come from hard (E ~ Q), large-angle gluons

» Soft gluons don't matter:

» Physics reason: soft gluons emitted on long timescale ~ 1/(E6?) relative to
collision (1/Q) — cannot influence cross section.
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Cete —an Total X-section (cont.)

- Total X-sct

o = oug (14 22 [ [ 20 (R(E/0.0) - V(E/Q.0)))

» From calculation: limg_,o R(E/Q,0) = 1.

» For every divergence R(E/Q.0) and V(E/Q,®) should cancel:
Iim(R—V)=0 li R—V)=0
EILno( ) ’ 9—I>rcr)1,7r( )

Result:

» corrections to o4 come from hard (E ~ Q), large-angle gluons

» Soft gluons don't matter:
» Physics reason: soft gluons emitted on long timescale ~ 1/(E§?) relative to
collision (1/Q) — cannot influence cross section.
» Transition to hadrons also occurs on long time scale (~ 1/A) — and can also
be ignored.
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Cete —an Total X-section (cont.)

- Total X-sct

o = oug (14 22 [ [ 20 (R(E/0.0) - V(E/Q.0)))

» From calculation: limg_,o R(E/Q,0) = 1.

» For every divergence R(E/Q.0) and V(E/Q,®) should cancel:
Iim(R—V)=0 li R—V)=0
EILno( ) ’ 9—I>rcr)1,7r( )

Result:

» corrections to o4 come from hard (E ~ Q), large-angle gluons

» Soft gluons don't matter:
» Physics reason: soft gluons emitted on long timescale ~ 1/(E§?) relative to
collision (1/Q) — cannot influence cross section.
» Transition to hadrons also occurs on long time scale (~ 1/A) — and can also
be ignored.

» Correct renorm. scale for as: p ~ Q — perturbation theory valid.
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Cete —an total X-section (cont.)

- Total X-sct

Dependence of total cross section on only hard gluons is reflected in ‘good
behaviour’ of perturbation series:

Otot = Oag (1 + 1.045@ +0.94 (My —15 <@>3 4. )

m m

(Coefficients given for Q = Myz)
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