
�1

Insights into the logarithmic accuracy of parton showers
Gavin P. Salam*  
Rudolf Peierls Centre for Theoretical Physics  
& All Souls College, Oxford

Cambridge HEP group 
4/6/2019

* on leave from CERN and CNRS

based mostly on arXiv:1805.09327 with  
M. Dasgupta, F. Dreyer, K. Hamilton, P. Monni

https://arxiv.org/abs/1805.09327


at colliders, you can probe 

“big unanswered questions”  
about fundamental particles & their interactions 

(dark matter, matter-antimatter asymmetry,  
fine-tuning / hierarchy of scales…) 

and 

“big answerable questions” 
(structure of Higgs sector, determining fundamental 

parameters of Lagrangian of particle physics)
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Higgs precision (H → γγ) : optimistic estimate v. luminosity & time
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The LHC has the 
statistical potential to 

take Higgs physics from 
“observation” to  
1–2% precision 

But only if we learn how 
to connect experimental 
observations with theory   

at that precision
on 
tape 2024 2038

1 fb-1 = 1014 collisions



HL-LHC official Higgs coupling projections (by ~2036)
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Figure 1. Projected uncertainties on ki, combining
ATLAS and CMS: total (grey box), statistical (blue),
experimental (green) and theory (red). From Ref. [2].

These coupling measurements assume the absence of sizable
additional contributions to GH . As recently suggested, the patterns
of quantum interference between background and Higgs-mediated
production of photon pairs or four leptons are sensitive to GH .
Measuring the off-shell four-fermion final states, and assuming
the Higgs couplings to gluons and ZZ evolve off-shell as in the
SM, the HL-LHC will extract GH with a 20% precision at 68% CL.
Furthermore, combining all Higgs channels, and with the sole
assumption that the couplings to vector bosons are not larger than
the SM ones (kV  1), will constrain GH with a 5% precision at
95% CL. Invisible Higgs boson decays will be searched for at
HL-LHC in all production channels, VBF being the most sensitive.
The combination of ATLAS and CMS Higgs boson coupling mea-
surements will set an upper limit on the Higgs invisible branching
ratio of 2.5%, at the 95% CL. The precision reach in the mea-
surements of ratios will be at the percent level, with particularly
interesting measurements of kg/kZ, which serves as a probe of
new physics entering the H ! gg loop, can be measured with an
uncertainty of 1.4%, and kt/kg, which serves as probe of new
physics entering the gg ! H loop, with a precision of 3.4%.

A summary of the limits obtained on first and second gen-
eration quarks from a variety of observables is given in Fig. 2
(left). It includes: (i) HL-LHC projections for exclusive decays of
the Higgs into quarkonia; (ii) constraints from fits to differential
cross sections of kinematic observables (in particular pT); (iii)
constraints on the total width GH relying on different assumptions
(the examples given in the Fig. 2 (left) correspond to a projected limit of 200 MeV on the total width from the mass shift
from the interference in the diphoton channel between signal and continuous background and the constraint at 68% CL on the
total width from off-shell couplings measurements of 20%); (iv) a global fit of Higgs production cross sections (yielding the
constraint of 5% on the width mentioned herein); and (v) the direct search for Higgs decays to cc using inclusive charm tagging
techniques. Assuming SM couplings, the latter is expected to lead to the most stringent upper limit of kc / 2. A combination of
ATLAS, CMS and LHCb results would further improve this constraint to kc / 1.

The Run 2 experience in searches for Higgs pair production led to a reappraisal of the HL-LHC sensitivity, including several
channels, some of which were not considered in previous projections: 2b2g , 2b2t , 4b, 2bWW, 2bZZ. Assuming the SM Higgs

Figure 2. Left: Summary of the projected HL-LHC limits on the quark Yukawa couplings. Right: Summary of constraints on
the SMEFT operators considered. The shaded bounds arise from a global fit of all operators, those assuming the existence of a
single operator are labeled as "exclusive". From Ref. [2].

2

2%
We wouldn’t consider 

electromagnetism established 
(textbook level) if we only knew it 

to 10% 

HL-LHC can deliver 1–2% for a 
range of couplings  

if theoretical interpretations can 
be made sufficiently accurate



how is all of this made 
quantitative? 

 
whether new-physics searches, Higgs physics, or other SM studies
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UNDERLYING 
THEORY

EXPERIMENTAL 
DATA

how do you make 
quantitative 
connection?
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UNDERLYING 
THEORY

EXPERIMENTAL 
DATA

through a chain  
 of experimental 

and theoretical links 
[in particular Quantum Chromodynamics (QCD)]

how do you make 
quantitative 
connection?
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What are the links? 
ATLAS and CMS (big LHC expts.) have  
written O(1000) articles since 2014 

links ≡ papers they cite

quantum chromodynamics (QCD) theory papers

experimental & statistics papers
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knowing what goes into a collision 
i.e. proton structure 

[rich UK (&Cambridge) involvement]
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knowing what goes into a collision 
i.e. proton structure 

[rich UK (&Cambridge) involvement]

1 proton‒proton collision 
~ 286 ± 5  

gluon‒gluon collisions around the Higgs mass

u
u

d

PROTON

g
g
g

d
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organising event information (“jets”)



�11



�11



�12

the question of organising information in events will come back later
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predicting full particle structure  
that comes out of a collision 

[rich UK (&Cambridge) involvement]
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schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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pattern of particles in 
MC can be directly 

compared to pattern in 
experiment



general purpose Monte Carlo event generators: 
THE BIG 3
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Herwig 7 Pythia 8 Sherpa 2

they do an amazing job of simulating vast swathes of data; 
collider physics would be unrecognisable without them
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major advances of past 20yrs: 
hard process (NLO, NNLO)  
& its interface with shower  
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major advances of past 20yrs: 
hard process (NLO, NNLO)  
& its interface with shower  

POHWEG  
BOX MC@NLO  

(in Herwig&Sherpa)

MINLO

UNNLOPS

MLM, CKKW  
Vincia, FxFx

[…]
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Fundamental experimental calibrations (jets)

�20

20 30 40 50 60 210 210×2 210×3

M
PF

R

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1 Data

Powheg+Pythia

Sherpa

ATLAS
-1 = 13 TeV, 3.2 fbs

MPF with Z+jet
 = 0.4, EM+JESR tkanti-

| < 0.8
jet
η|

 [GeV]jet
T
p

20 30 40 50 210 210×2

M
C

 / 
D

at
a

0.9

1.0

1.1

(a)

 [GeV]jet
T
p

40 50 210 210×2

〉 
re

f
Tp/

je
t

Tp 〈

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2
Data

Pythia

Sherpa

ATLAS
-1 = 13 TeV, 3.2 fbs

+jetγDirect Balance with 
 = 0.4, EM+JESR tkanti-

| < 0.8jetη|

 [GeV]jet
T
p

40 50 210 210×2

M
C

 / 
D

at
a

0.95

1

1.05

1.1

(b)

Figure 8: The average (a) MPF response in Z+jet events and (b) Direct Balance jet pT response in �+jet events as
a function of jet pT for EM+JES jets calibrated up to the ⌘-intercalibration. The response is given for data and two
distinct MC samples, and the MC-to-data ratio plots in the bottom panels reflect the derived in situ corrections. A
dotted line is drawn at unity in the top-right panel and bottom panels to guide the eye.
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Figure 9: Systematic uncertainties of EM+JES jets, calibrated up to the ⌘-intercalibration, as a function of jet pT
for (a) Z+jet events using the MPF technique and (b) �+jet events using the Direct Balance technique. Uncertainties
account for out-of-cone radiation and variations of the JVT, ��, second-jet veto, and photon purity event selections.
Uncertainties are also propagated from the electron and photon energy scale and resolution and the muon momen-
tum scale and resolution in the ID and MS. Also shown are the statistical uncertainties of the MC-to-data response
ratio and the uncertainty derived from an alternative MC event generator. Small fluctuations in the uncertainties are
statistically significant and are smoothed in the combination, described in Section 5.4.4.
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Largest systematic 
errors (1–2%) come 

from differences 
between MC 
generators  

(here Sherpa v. Pythia)

Jet energy scale, which 
feeds into hundreds of 
other measurements

→ fundamental limit on 
LHC precision potential



using full event information: jet substructure for  W tagging
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QCD rejection with  
just jet mass

QCD rejection with use  
of full jet  

substructure 

5–10x better

taken from Dreyer, GPS & Soyez ‘18



using full event information (quark/gluon tagging)
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Fig. 5 Gluon-jet efficiency as a function of quark-jet effi-
ciency calculated using jet properties extracted from data
(solid symbols) and from MC-labelled jets from the dijet
Pythia 6 (empty squares) and Herwig++ (empty diamonds)
samples. Jets with (a) 60 < pT < 80 GeV and (b) 210 <
pT < 260 GeV and |η| < 0.8 are reconstructed with the anti-
kt algorithm with R = 0.4. The shaded band shows the total
systematic uncertainty on the data. The bottom of the plot
shows the ratios of each MC simulation to the data. The error
bands on the performance in the data are drawn around 1.0.
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Fig. 6 Gluon-jet efficiency as a function of quark-jet ef-
ficiency as calculated using jet properties extracted from
data (solid symbols), purified in data through kinematic cuts
(empty diamonds), and extracted from Pythia 6 MC simu-
lation (empty squares). Jets with (a) 60 < pT < 80 GeV and
(b) 210 < pT < 260 GeV and |η| < 0.8 are reconstructed with
the anti-kt algorithm with R = 0.4. The shaded band shows
the total systematic uncertainty on the data. The bottom of
the plot shows the ratio of Pythia 6 MC simulation or the
enriched data samples to the extracted data. The error bands
on the performance in the data are drawn around 1.0.

1405.6583

Herwig++ MC

Pythia6 MC

data

use more info →  
become more sensitive 

to MC limitations 

up to 35% differences 
in MCs v. data 

a concern given trend 
towards use of  
maximal info,  

e.g. with machine 
learning

https://arxiv.org/abs/1405.6583


Matching with hard process is hitting a limit (e.g. Jäger, Karlberg, Scheller 1812.05118)
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Figure 4: Di↵erential distribution of the Zeppenfeld variable defined in eq. (13) in the
CMS-tight scenario. In the lower panel the ratio of the respective distribution to the
PYTHIA6 reference result is shown. In each case the blue bands indicate the scale un-
certainty of the PYTHIA6 simulations, statistical uncertainties are denoted by error bars.

Up to this point, we only examined di↵erences between predictions obtained with
di↵erent parton shower algorithms, but not di↵erences due to the settings of one and
the same parton-shower program. However, it is interesting also to explore the impact of
hadronization and multi-parton interactions (MPI) on predictions obtained with a specific
SMC. Since our previous discussion revealed that significant di↵erences on observables in
VBS processes are to be expected mostly for distributions related to the non-tagging jets,
we will restrict this comparison to those.

Interestingly, the di↵erences due to the settings of a specific SMC are larger than one
might naively expect. This is illustrated for the rapidity distribution of the third jet in
fig. 5. While switching on the hadronization procedure already a↵ects the results by an
order of about 10 %, allowing for multiple parton interactions enhances the cross section
even more significantly. This e↵ect is particularly pronounced in the central-rapidity
region most relevant for central-jet vetoing techniques.

4 Summary and conclusions

In this article we presented an implementation of VBS-induced WZjj production in the
framework of the POWHEG BOX V2. To illustrate the capabilities of the developed code,
we showed results for EW ⌫ee+µ�µ+jj production in realistic setups, inspired by two
recently presented experimental analyses [3,4]. In particular, we investigated the impact of

10

Limits effectiveness of current 
matching methods  
(here POWHEG) 

Parton shower structure also gets in 
way of better (NNLOPS) hard-process 

+ shower matching schemes

1 hard matrix-element  
+ 4 showers

zj3 =

����
yj3 � 1

2 (yj1 + yj2)

�yj1,j2

����
<latexit sha1_base64="ZXkBCNqPzuslpyu9aQG/iPBLT7w="></latexit>

VBF central jet veto region: zj3 < 0.5

https://arxiv.org/abs/1812.05118


what is a parton shower?
illustrate with dipole / antenna showers
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Gustafson & Pettersson 1988, Ariadne 1992, main Sherpa & Pythia8 showers, option in Herwig7,  
Vincia shower & (partially) Deductor shower
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∑
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∏
i=1 ( ) =

At its simplest

iteration of 2→3 (or 1→2) splitting kernel
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q
_
g

At some point, rand.numb. is such that state 
splits (2→3, i.e. emits gluon). Evolution 
equation changes 

gluon is part of two dipoles (qg, q̄g)



in practice: an evolution equation (in evolution scale v, e.g. 1/trans.mom.)
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recent directions of  
parton-shower work?
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1. including 2 → 4 (or 1→ 3) splittings 

2. subleading colour corrections (dipole picture is large NC) 

3. EW showers



Including 1→ 3 splittings (≡ 2→4)
➤ Jadach et al, e.g. 1504.06849, 1606.01238 

➤ Li & Skands, 1611.00013
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Inclusive parton evolution at NLO

[Curci,Furmanski,Petronzio] NPB175(1980)27, [Floratos,Kounnas,Lacaze] NPB192(1981)417

I Higher-order DGLAP evolution kernels obtained from factorization
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ji not probabilities, but sum rules hold ($ unitarity constraint)

In particular: Momentum sum rule identical between LO & NLO
[Krauss,Prestel,SH] arXiv:1705.00982

I PS implements NLO DGLAP equation if Sudakov defined as1

�a(t, Q2) = exp
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1
su�ciently inclusive observables only, all else % later

15

➤ Höche, Krauss & Prestel, 1705.00982,  
Höche & Prestel, 1705.00742,  
Dulat, Höche & Prestel, 1805.03757

Equations from slides by Höche



Including 1→ 3 splittings

just 1→2 splittings
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16

FIG. 7. The impact of subtracted real-emission corrections, Eq. (59), and endpoint terms, Eq. (60) on the radiation pattern
in e+e� !hadrons at LEP I energies. We show the contributions from q ! qgg (left) and q ! qq0q̄0 (right) to the di↵erential
2 ! 3 (red) and 3 ! 4 (right) jet rates in the Durham algorithm.
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FIG. 8. Scale variations in the leading-order and next-to-leading order (soft) parton shower simulation of e+e� !hadrons at
LEP I energies at parton level. We compare to both the plain leading-order predictions (green) and the result in the CMW
scheme (red).
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Appendix A: Real-emission corrections to soft-gluon radiation

This appendix details the computation of the real-emission corrections listed in Eqs. (19)-(20). We perform the
calculation separately in the strong ordering approximation, for the soft remainder term, and for the two collinear
contributions in Eqs. (7).

Dulat, Höche & Prestel, 1805.03757

+ 1→3 soft splittings



Hierarchy of subleading colour corrections
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More on soft gluons beyond leading colour

Simon Plätzer
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Figure 6: The counting of next-to-leading colour contributions. We aim to perform a
resummation in all powers of the t’Hooft coupling ↵sN ⇠ 1. In the set of boxes shown we
count, for the virtual evolution operator, increasing powers of ↵s from left to right, and
decreasing powers of N from top to bottom, with N

0 in the middle row. The effect of r

real emissions is indicated in the rightmost column of the figure and any 1/N suppression
due to the scalar product matrix is indicated by the number of flips. See the text for more
details.

Subleading colour contributions may result in differences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
number of colour reconnections (or transpositions or flips or swings) by which the two
colour structures differ. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N

2 relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour flips accompanied by no explicit factor of 1/N

(coming from contributions of the type t[· · · ]t); (ii) one flip and a factor of 1/N (coming
from contributions of the type t[· · · ]s and s[· · · ]t); (iii) zero flips and a factor of 1/N

2

(coming from contributions of the type s[· · · ]s). See Eq. (3.14) to appreciate the factors of
1/N . We note that real emissions never reduce the number of flips by which the amplitude
and its conjugate differ. We will present the explicit rules corresponding to these real
emission contributions below but first we consider subleading virtual corrections.
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Exploring Colours with CVolver

[De Angelis, Forshaw, Plätzer – arXiv:181y.xxxxx]

A framework to solve multi-diAerential evolution equations in colour space.

Concise, simple, and light-weight code structure.

Dedicated Monte Carlo algorithms to sample colour structures.

Plugin approach can accommodate anything from (N)GLs to full parton showers.
cf. also work by Hatta & Ueda, 1304.6930; Nagy & Soper papers; some subleading colour also in DIRE2 work 

  

Exploring Colours with CVolver

[De Angelis, Forshaw, Plätzer – arXiv:181y.xxxxx]

A framework to solve multi-diAerential evolution equations in colour space.

Concise, simple, and light-weight code structure.

Dedicated Monte Carlo algorithms to sample colour structures.

Plugin approach can accommodate anything from (N)GLs to full parton showers.

Plätzer, Sjödahl, Thorén, arXiv:1808.00332



EW showers (esp. beyond LHC)
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• Similarly in initial-state showering (PDF evolution) 

• uL-dL (& sL-cL) has double-log damping

Bauer, Ferland, BW, 1703.08562
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W & Z emissions come 
with double logarithms

αEW ln2 Q
mW

W emission affects only left-handed quarks  
→ strong polarisation of quarks in unpolarised proton (at high enough energies)

right-handed up quarks
left-handed up quarks

Bauer, Ferland & Webber, 1703.08562, 1808.08831  
see also Chen, Han & Tweedie, 1611.00788  

 & Sjostrand & collab



what does a parton shower 
achieve?

�35

not just a question of ingredients,  
but also the final result of assembling them together

Dasgupta, Dreyer, Hamilton, Monni & GPS, 1805.09327



what should a parton shower 
achieve?
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not just a question of ingredients,  
but also the final result of assembling them together

Dasgupta, Dreyer, Hamilton, Monni & GPS, 1805.09327



it’s a complicated issue…

➤ For a total cross section, e.g. for Higgs production, it’s easy to talk about systematic 
improvements (LO, NLO, NNLO, …). But they’re restricted to that one observable

�37
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improvements (LO, NLO, NNLO, …). But they’re restricted to that one observable
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➤ With a parton shower (+hadronisation) you produce a “realistic” full set of 
particles. You can ask questions of arbitrary complexity: 

➤ the multiplicity of particles 

➤ the total transverse momentum with respect to some axis (broadening) 

➤ the angle of 3rd most energetic particle relative to the most energetic one 
[machine learning might “learn” many such features]
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how can you prescribe correctness & accuracy of the answer,  
when the questions you ask can be arbitrary?

➤ With a parton shower (+hadronisation) you produce a “realistic” full set of 
particles. You can ask questions of arbitrary complexity: 

➤ the multiplicity of particles 

➤ the total transverse momentum with respect to some axis (broadening) 

➤ the angle of 3rd most energetic particle relative to the most energetic one 
[machine learning might “learn” many such features]



The standard answer so far

It’s common to hear that showers are Leading Logarithmic (LL) accurate.  

That language, widespread for multiscale problems, comes  
from analytical resummations. E.g. for (famous) “Thrust”

�38

Phenomenology: lecture 4 (93/101)

Choosing the right QCD tools

Example: thrust
Thrust — a QCD ‘guinea pig’

First discussion goes back to 1964. Serious work got going in late ’70s.
Thrust is one of many continous measures of the event ‘shape’:

T = max
n⃗T

∑

i |⃗pi .⃗nT |
∑

i |⃗pi |
,

2-jet event: T ≃ 1 3-jet event: T ≃ 2/3

There exist many other measures of aspects of the shape: Thrust-Major,
C-parameter, broadening, heavy-jet mass, jet-resolution parameters,. . .
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Phenomenology: lecture 4 (93/101)

Choosing the right QCD tools

Example: thrust
Thrust — a QCD ‘guinea pig’

First discussion goes back to 1964. Serious work got going in late ’70s.
Thrust is one of many continous measures of the event ‘shape’:

T = max
n⃗T

∑

i |⃗pi .⃗nT |
∑

i |⃗pi |
,

2-jet event: T ≃ 1 3-jet event: T ≃ 2/3

There exist many other measures of aspects of the shape: Thrust-Major,
C-parameter, broadening, heavy-jet mass, jet-resolution parameters,. . .

⃗nT

σ(1 − T < e−L) = σtot exp [Lg1(αsL) + g2(αsL) + αsg3(αsL) + α2
s g4(αsL) + ⋯]

LL NLL NNLL N3LL
Catani, Trentadue, Turnock & Webber ’93 Becher & Schwartz ’08

[αs ≪ 1, L ≫ 1]



The standard answer so far

Sometimes you may see statements like “Following standard practice to improve the 
logarithmic accuracy of the parton shower, the soft enhanced term of the splitting functions is 
rescaled by 1+αs(t)/(2π)K”
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Questions: 

1) Which is it? LL or better? 

2) For what known observables does this statement hold? 

3) What good is it to know that some handful of observables is LL (or whatever) when 
you want to calculate arbitrary observables? 

4) Does LL even mean anything when you do machine learning? 

5) Why only “LL” when analytic resummation can do so much better?



Our proposal for “minimal” criteria for a shower
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Resummation 

Establish logarithmic accuracy for all known classes of resummation: 

➤ global event shapes (thrust, broadening, angularities, jet rates, energy-energy correlations, …) 

➤ non-global observables (cf. Banfi, Corcella & Dasgupta, hep-ph/0612282) 

➤ fragmentation / parton-distribution functions 

➤ (multiplicity, cf. original Herwig angular-ordered shower from 1980’s) 

Matrix elements 

Establish in what sense iteration of (e.g. 2→3) splitting kernel reproduces N-particle 
tree-level matrix elements for any N.



Examine two showers
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➤ Pythia8 shower: because it’s the most widely used 

➤ DIRE shower (2015 version, with just 2→3 splitting),  
because it’s unique in being available for two General Purpose MC programs 
(Pythia8 & Sherpa2) 

The results I’ll talk about will be the same for both 

and they’ll be limited to fixed order for simplicity 
(though it’s easy enough to generalise to an all-order study)



Phase space: two key variables (+ azimuth)
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θ (or η = − ln tan
θ
2

)

pt = Eθ
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pt (or p⊥) is called transverse  
momentum
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Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989
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logarithmic kinematic plane whose two variables are  

Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989
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logarithmic kinematic plane whose two variables are  

Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989

jet with R= 0.4, pt = 200 GeV

θ (or η = − ln tan
θ
2

)
pt = Eθ

θ

p t
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logarithmic kinematic plane whose two variables are  

Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989

jet with R= 0.4, pt = 200 GeV

θ (or η = − ln tan
θ
2

)
pt = Eθ

θ

p t
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]
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logarithmic kinematic plane whose two variables are  

Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989

jet with R= 0.4, pt = 200 GeV

θ (or η = − ln tan
θ
2

)
pt = Eθ

θ

p t
[G
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]
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logarithmic kinematic plane whose two variables are  

Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989

jet with R= 0.4, pt = 200 GeV

θ (or η = − ln tan
θ
2

)
pt = Eθ

θ

p t
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]
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logarithmic kinematic plane whose two variables are  

Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989

jet with R= 0.4, pt = 200 GeV

θ (or η = − ln tan
θ
2

)
pt = Eθ
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logarithmic kinematic plane whose two variables are  

Introduced for understanding Parton Shower Monte Carlos by  
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989

jet with R= 0.4, pt = 200 GeV

θ (or η = − ln tan
θ
2

)
pt = Eθ

p t
[G

eV
]

η1.6 2.3 3.0 3.7 4.6 5.3

NB: Lund plane can be constructed event-by-event 
using Cambridge/Aachen jet clustering sequence,  

cf. Dreyer, GPS & Soyez  ’18  



Matrix element for single emission (low energy ≡ “soft”)

�53

=
2αsC

π
dp⊥

p⊥
dηsplitting  

probability dP

coupling colour factor

Uniform density of emission in logarithmic (Lund) plane, except 
➤ for running coupling effects (which we will ignore in the rest of this talk) 
➤ effects near edges of Lund plane (we’ll also ignore those)



Matrix element for single emission in Dire / Pythia8: it’s correct

�54

+=

= +dPĩj̃!ikj =
↵SC

2⇡
dp2? d⌘

p̃i.p̃j
p̃i.pk p̃j .pk

dPĩj̃!ikj =
2C ↵S

⇡

dp?
p?

d⌘

dPĩj̃!ikj =
↵SC

2⇡
dp2? d⌘

p̃i.p̃j
p̃i.pk p̃j .pk

=
2↵SC

⇡

dp?
p?

d⌘

dPĩj̃!ikj = dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i]

dPĩ[j̃]!ik[j] =
2↵SC

⇡

dp?
p?

d⌘ ✓ (⌘)

dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘ ✓ (�⌘)

d

dv
exp


�
Z vi�1

vi

dPĩj̃!ikj

�

d

dvn

Y

dipole
ends ĩ

exp


�
Z vn�1

vn

dPĩ[j̃]!ik[j]

�

� (v0, v1) =
Y

dipole
ends ĩ

exp


�
Z v0

v1

dPĩ[j̃]!ik[j]

�

�q (v0, v1) = exp


�
Z v0

v1

dPq[q̄]!qg[q̄]

�

�q̄ (v0, v1) = exp


�
Z v0

v1

dPq̄[q]!q̄g[q]

�

� (v0, v1) =
Y

dipole
ends ĩ

�ĩ (v0, v1)

dPĩ[j̃]!ik[j] = dPĩ[j̃]!ik[j]

dPĩ[j̃]!ig[j]

dPj̃ [̃i]!jg[i]

dPq[q̄]!qg[q̄]

dPq̄[q]!q̄g[q]

� (v0, v1) dPq[q̄]!qg[q̄]

� (v0, v1) dPq̄[q]!q̄g[q]

� (v0, v1) [dPq[q̄]!qg[q̄] + dPq̄[q]!q̄g[q]]

�q̄ (v0, v1) �q̄ (v0, v1) [dPq[q̄]!qg[q̄] + dPq̄[q]!q̄g[q]]

1

Dire soft branching probs from nll-shower-notes

lim
pg⌧pi,pi
NC!1

dPĩ[j̃]!ik[j] = lim
pg⌧pi,pj
NC!1

↵SNC

2⇡

dti
ti

dzi
[1� zi]

[1� zi]
2 + 2

i

,

lim
pg⌧pi,pj
NC!1

dPj [̃i]!jk[i] = lim
pg⌧pi,pj
NC!1

↵SNC

2⇡

dtj
tj

dzj
[1� zj ]

[1� zj ]
2 + 2

j

.

dPĩ[j̃]!ik[j] =
↵SCF

⇡

dti
ti

dzi
[1� zi]

[1� zi]
2 + 2

i

,

dPj [̃i]!jk[i] =
↵SC

⇡

dtj
tj

dzj
[1� zj ]

[1� zj ]
2 + 2

j

.

lim
pg⌧pi,pj

dPĩ[j̃]!ik[j] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

lim
pg⌧pi,pj

dPj [̃i]!jk[i] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

DIRE : de�DIRE
rad =

1

16⇡2

dti
ti

dzi
d�

2⇡
2pipk .

lim
z!1

NC!1

dPĩ[j̃]!ik[j] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

lim
z!1

NC!1

dPj [̃i]!jk[i] = de�rad 8⇡↵SC
pipj

pjpk [pi + pj ] pk
,

PYTHIA : de�rad =
1

16⇡2
dp2?evol,i dzi

d�

2⇡

1

zi[1� zi]
,

where C = CF for a q/q̄ dipole end and C = CA/2 for a gluon dipole end

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPĩ[j̃]!ik[j] =

2↵SC

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘
,

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPj̃ [̃i]!jk[i] =

2↵SC

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
,

PYTHIA : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘ ,

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPĩ[j̃]!ik[j] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘
,

2

i emits, j spectates

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPj̃ [̃i]!jk[i] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
,

PYTHIA : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(p2?,evol)C

⇡

dp?
p?

d⌘ ,

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
2↵S(t)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘

DIRE : |p2?| = t , dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘

DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
2↵SC

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘

DIRE : |p2?| = t , dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘

DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘

dP

3

k

i
j

Dire soft branching probs from nll-shower-notes

lim
pg⌧pi,pi
NC!1

dPĩ[j̃]!ik[j] = lim
pg⌧pi,pj
NC!1

↵SNC

2⇡

dti
ti

dzi
[1� zi]

[1� zi]
2 + 2

i

,

lim
pg⌧pi,pj
NC!1

dPj [̃i]!jk[i] = lim
pg⌧pi,pj
NC!1

↵SNC

2⇡

dtj
tj

dzj
[1� zj ]

[1� zj ]
2 + 2

j

.

dPĩ[j̃]!ik[j] =
↵SCF

⇡

dti
ti

dzi
[1� zi]

[1� zi]
2 + 2

i

,

dPj [̃i]!jk[i] =
↵SC

⇡

dtj
tj

dzj
[1� zj ]

[1� zj ]
2 + 2

j

.

lim
pg⌧pi,pj

dPĩ[j̃]!ik[j] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

lim
pg⌧pi,pj

dPj [̃i]!jk[i] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

DIRE : de�DIRE
rad =

1

16⇡2

dti
ti

dzi
d�

2⇡
2pipk .

lim
z!1

NC!1

dPĩ[j̃]!ik[j] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

lim
z!1

NC!1

dPj [̃i]!jk[i] = de�rad 8⇡↵SC
pipj

pjpk [pi + pj ] pk
,

PYTHIA : de�rad =
1

16⇡2
dp2?evol,i dzi

d�

2⇡

1

zi[1� zi]
,

where C = CF for a q/q̄ dipole end and C = CA/2 for a gluon dipole end

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPĩ[j̃]!ik[j] =

2↵SC

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘
,

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPj̃ [̃i]!jk[i] =

2↵SC

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
,

PYTHIA : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘ ,

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPĩ[j̃]!ik[j] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘
,

2

j emits, i spectates

k

i
j

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPj̃ [̃i]!jk[i] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
,

PYTHIA : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(p2?,evol)C

⇡

dp?
p?

d⌘ ,

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
2↵S(t)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘

DIRE : |p2?| = t , dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘

DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
2↵SC

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘

DIRE : |p2?| = t , dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘

DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘

dP

3



Matrix element for single emission in Dire / Pythia8: it’s correct

�54

+=

= +dPĩj̃!ikj =
↵SC

2⇡
dp2? d⌘

p̃i.p̃j
p̃i.pk p̃j .pk

dPĩj̃!ikj =
2C ↵S

⇡

dp?
p?

d⌘

dPĩj̃!ikj =
↵SC

2⇡
dp2? d⌘

p̃i.p̃j
p̃i.pk p̃j .pk

=
2↵SC

⇡

dp?
p?

d⌘

dPĩj̃!ikj = dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i]

dPĩ[j̃]!ik[j] =
2↵SC

⇡

dp?
p?

d⌘ ✓ (⌘)

dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘ ✓ (�⌘)

d

dv
exp


�
Z vi�1

vi

dPĩj̃!ikj

�

d

dvn

Y

dipole
ends ĩ

exp


�
Z vn�1

vn

dPĩ[j̃]!ik[j]

�

� (v0, v1) =
Y

dipole
ends ĩ

exp


�
Z v0

v1

dPĩ[j̃]!ik[j]

�

�q (v0, v1) = exp


�
Z v0

v1

dPq[q̄]!qg[q̄]

�

�q̄ (v0, v1) = exp


�
Z v0

v1

dPq̄[q]!q̄g[q]

�

� (v0, v1) =
Y

dipole
ends ĩ

�ĩ (v0, v1)

dPĩ[j̃]!ik[j] = dPĩ[j̃]!ik[j]

dPĩ[j̃]!ig[j]

dPj̃ [̃i]!jg[i]

dPq[q̄]!qg[q̄]

dPq̄[q]!q̄g[q]

� (v0, v1) dPq[q̄]!qg[q̄]

� (v0, v1) dPq̄[q]!q̄g[q]

� (v0, v1) [dPq[q̄]!qg[q̄] + dPq̄[q]!q̄g[q]]

�q̄ (v0, v1) �q̄ (v0, v1) [dPq[q̄]!qg[q̄] + dPq̄[q]!q̄g[q]]

1

Dire soft branching probs from nll-shower-notes

lim
pg⌧pi,pi
NC!1

dPĩ[j̃]!ik[j] = lim
pg⌧pi,pj
NC!1

↵SNC

2⇡

dti
ti

dzi
[1� zi]

[1� zi]
2 + 2

i

,

lim
pg⌧pi,pj
NC!1

dPj [̃i]!jk[i] = lim
pg⌧pi,pj
NC!1

↵SNC

2⇡

dtj
tj

dzj
[1� zj ]

[1� zj ]
2 + 2

j

.

dPĩ[j̃]!ik[j] =
↵SCF

⇡

dti
ti

dzi
[1� zi]

[1� zi]
2 + 2

i

,

dPj [̃i]!jk[i] =
↵SC

⇡

dtj
tj

dzj
[1� zj ]

[1� zj ]
2 + 2

j

.

lim
pg⌧pi,pj

dPĩ[j̃]!ik[j] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

lim
pg⌧pi,pj

dPj [̃i]!jk[i] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

DIRE : de�DIRE
rad =

1

16⇡2

dti
ti

dzi
d�

2⇡
2pipk .

lim
z!1

NC!1

dPĩ[j̃]!ik[j] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

lim
z!1

NC!1

dPj [̃i]!jk[i] = de�rad 8⇡↵SC
pipj

pjpk [pi + pj ] pk
,

PYTHIA : de�rad =
1

16⇡2
dp2?evol,i dzi

d�

2⇡

1

zi[1� zi]
,

where C = CF for a q/q̄ dipole end and C = CA/2 for a gluon dipole end

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPĩ[j̃]!ik[j] =

2↵SC

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘
,

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPj̃ [̃i]!jk[i] =

2↵SC

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
,

PYTHIA : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘ ,

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPĩ[j̃]!ik[j] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘
,

2

i emits, j spectates

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPj̃ [̃i]!jk[i] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
,

PYTHIA : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(p2?,evol)C

⇡

dp?
p?

d⌘ ,

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
2↵S(t)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘

DIRE : |p2?| = t , dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘

DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
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DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
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Figure 1: (a) The accessible contour of emissions in the ⌘� ln p? (“Lund” [78]) plane for

fixed values of the ordering variable v, for splittings of a right-going quark, shown for both

the Pythia and Dire shower kernels. The phase-space boundary is sometimes alternatively

described as the hard-collinear limit. (b) The splitting weights associated with emissions as

a function of rapidity from the (right-going) quark and (left-going) anti-quark, normalised

so as to be 1 in the soft-collinear region. This holds for both Pythia and Dire. The weights

are independent of v, as long as v/Q ⌧ e
�|⌘|, i.e. as long as one is far from the phase-space

boundary shown in (a). The rapidity is defined in the qq̄ dipole centre-of-mass frame.

This means that the sum of quark and anti-quark splittings has a simple weight even taking

into account running coupling e↵ects:

Dire: dPq!qg + dPq̄!q̄g =
2↵s(|p2?|)CF

⇡

dp?
p?

d⌘ . (3.7)

The essential properties of single-parton emission are illustrated in Fig. 1. There are

three main elements to comment on regarding the above analysis:

1. The e↵ective single-emission matrix element in Pythia and Dire is correct in all

singly-divergent regions of phase space, i.e. both soft large-angle and hard-collinear,

as well as soft-collinear. In Pythia the invariance of the radiation pattern under

boosts along the dipole direction is broken by running coupling e↵ects: the same

scale µR = v is used along the whole contour of constant v, even though, as one sees

from Fig. 1a, that contour maps to a range of di↵erent physical p? values. This e↵ect

is expected to have consequences that are beyond NLL accuracy, because the region

where p? di↵ers substantially from v comes with a finite weight only at large angle

and a strongly suppressed weight in the anti-collinear region, cf. Fig. 1b. Accordingly

we will not discuss it further in this article.

2. In both Pythia and Dire, the dipole is divided into two parts, one associated with

the quark, the other with the anti-quark. That division occurs at zero-rapidity in

– 11 –

ratio to full  
matrix element
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dPĩ[j̃]!ik[j] =
2↵SC

⇡

dp?
p?

d⌘ ✓ (⌘)

dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘ ✓ (�⌘)

d

dv
exp


�
Z vi�1

vi
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2↵S(t)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘

DIRE : |p2?| = t , dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
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Figure 1: (a) The accessible contour of emissions in the ⌘� ln p? (“Lund” [78]) plane for

fixed values of the ordering variable v, for splittings of a right-going quark, shown for both

the Pythia and Dire shower kernels. The phase-space boundary is sometimes alternatively

described as the hard-collinear limit. (b) The splitting weights associated with emissions as

a function of rapidity from the (right-going) quark and (left-going) anti-quark, normalised

so as to be 1 in the soft-collinear region. This holds for both Pythia and Dire. The weights

are independent of v, as long as v/Q ⌧ e
�|⌘|, i.e. as long as one is far from the phase-space

boundary shown in (a). The rapidity is defined in the qq̄ dipole centre-of-mass frame.

This means that the sum of quark and anti-quark splittings has a simple weight even taking

into account running coupling e↵ects:

Dire: dPq!qg + dPq̄!q̄g =
2↵s(|p2?|)CF

⇡

dp?
p?

d⌘ . (3.7)

The essential properties of single-parton emission are illustrated in Fig. 1. There are

three main elements to comment on regarding the above analysis:

1. The e↵ective single-emission matrix element in Pythia and Dire is correct in all

singly-divergent regions of phase space, i.e. both soft large-angle and hard-collinear,

as well as soft-collinear. In Pythia the invariance of the radiation pattern under

boosts along the dipole direction is broken by running coupling e↵ects: the same

scale µR = v is used along the whole contour of constant v, even though, as one sees

from Fig. 1a, that contour maps to a range of di↵erent physical p? values. This e↵ect

is expected to have consequences that are beyond NLL accuracy, because the region

where p? di↵ers substantially from v comes with a finite weight only at large angle

and a strongly suppressed weight in the anti-collinear region, cf. Fig. 1b. Accordingly

we will not discuss it further in this article.

2. In both Pythia and Dire, the dipole is divided into two parts, one associated with

the quark, the other with the anti-quark. That division occurs at zero-rapidity in
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DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
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dPĩ[j̃]!ik[j] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

lim
pg⌧pi,pj

dPj [̃i]!jk[i] = de�rad 8⇡↵SC
pipj

pipk [pi + pj ] pk
,

DIRE : de�DIRE
rad =

1

16⇡2

dti
ti

dzi
d�

2⇡
2pipk .

lim
z!1

NC!1
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DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵SC

⇡

dp?
p?

d⌘

dP

3

(a)

dP
/d

ln
p ?

d⌘
�
ex
ac
t
so
ft

li
m
it

⌘

Pythia8 and Dire squared amplitudes

q ! qg

q̄ ! q̄g

q ! qg + q̄ ! q̄g

0

0.2

0.4

0.6

0.8

1

�6 �4 �2 0 2 4 6

dP
/d

ln
p ?

d⌘
�
ex
ac
t
so
ft

li
m
it

⌘

Pythia8 and Dire squared amplitudes

0

0.2

0.4

0.6

0.8

1

�6 �4 �2 0 2 4 6

dP
/d

ln
p ?

d⌘
�
ex
ac
t
so
ft

li
m
it

⌘

Pythia8 and Dire squared amplitudes

0

0.2

0.4

0.6

0.8

1

�6 �4 �2 0 2 4 6

dP
/d

ln
p ?

d⌘
�
ex
ac
t
so
ft

li
m
it

⌘

Pythia8 and Dire squared amplitudes

0

0.2

0.4

0.6

0.8

1

�6 �4 �2 0 2 4 6

(b)

Figure 1: (a) The accessible contour of emissions in the ⌘� ln p? (“Lund” [78]) plane for

fixed values of the ordering variable v, for splittings of a right-going quark, shown for both

the Pythia and Dire shower kernels. The phase-space boundary is sometimes alternatively

described as the hard-collinear limit. (b) The splitting weights associated with emissions as

a function of rapidity from the (right-going) quark and (left-going) anti-quark, normalised

so as to be 1 in the soft-collinear region. This holds for both Pythia and Dire. The weights

are independent of v, as long as v/Q ⌧ e
�|⌘|, i.e. as long as one is far from the phase-space

boundary shown in (a). The rapidity is defined in the qq̄ dipole centre-of-mass frame.

This means that the sum of quark and anti-quark splittings has a simple weight even taking

into account running coupling e↵ects:

Dire: dPq!qg + dPq̄!q̄g =
2↵s(|p2?|)CF

⇡

dp?
p?

d⌘ . (3.7)

The essential properties of single-parton emission are illustrated in Fig. 1. There are

three main elements to comment on regarding the above analysis:

1. The e↵ective single-emission matrix element in Pythia and Dire is correct in all

singly-divergent regions of phase space, i.e. both soft large-angle and hard-collinear,

as well as soft-collinear. In Pythia the invariance of the radiation pattern under

boosts along the dipole direction is broken by running coupling e↵ects: the same

scale µR = v is used along the whole contour of constant v, even though, as one sees

from Fig. 1a, that contour maps to a range of di↵erent physical p? values. This e↵ect

is expected to have consequences that are beyond NLL accuracy, because the region

where p? di↵ers substantially from v comes with a finite weight only at large angle

and a strongly suppressed weight in the anti-collinear region, cf. Fig. 1b. Accordingly

we will not discuss it further in this article.

2. In both Pythia and Dire, the dipole is divided into two parts, one associated with

the quark, the other with the anti-quark. That division occurs at zero-rapidity in
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dPĩj̃!ikj

�

d

dvn

Y

dipole
ends ĩ
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dPĩ[j̃]!ik[j]

�

�q (v0, v1) = exp


�
Z v0

v1

dPq[q̄]!qg[q̄]

�

�q̄ (v0, v1) = exp


�
Z v0

v1

dPq̄[q]!q̄g[q]

�

� (v0, v1) =
Y

dipole
ends ĩ

�ĩ (v0, v1)
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, dPĩ[j̃]!ik[j] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e2⌘

1 + e2⌘
,

2

i emits, j spectates

PYTHIA : |p2?| = p2?,evol

✓
e2⌘

1 + e2⌘

◆
, dPj̃ [̃i]!jk[i] =

2↵S(p2?,evol)C

⇡

dp?
p?

d⌘
e�2⌘

1 + e�2⌘
,
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2⇡

dtj
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dzj
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⇡
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⇡
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j
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where C = CF for a q/q̄ dipole end and C = CA/2 for a gluon dipole end
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DIRE : dPĩ[j̃]!ik[j] + dPj̃ [̃i]!jk[i] =
2↵S(t)C

⇡

dp?
p?

d⌘

DIRE : |p2?| = t , dPĩ[j̃]!ik[j] =
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Figure 1: (a) The accessible contour of emissions in the ⌘� ln p? (“Lund” [78]) plane for

fixed values of the ordering variable v, for splittings of a right-going quark, shown for both

the Pythia and Dire shower kernels. The phase-space boundary is sometimes alternatively

described as the hard-collinear limit. (b) The splitting weights associated with emissions as

a function of rapidity from the (right-going) quark and (left-going) anti-quark, normalised

so as to be 1 in the soft-collinear region. This holds for both Pythia and Dire. The weights

are independent of v, as long as v/Q ⌧ e
�|⌘|, i.e. as long as one is far from the phase-space

boundary shown in (a). The rapidity is defined in the qq̄ dipole centre-of-mass frame.

This means that the sum of quark and anti-quark splittings has a simple weight even taking

into account running coupling e↵ects:

Dire: dPq!qg + dPq̄!q̄g =
2↵s(|p2?|)CF

⇡

dp?
p?

d⌘ . (3.7)

The essential properties of single-parton emission are illustrated in Fig. 1. There are

three main elements to comment on regarding the above analysis:

1. The e↵ective single-emission matrix element in Pythia and Dire is correct in all

singly-divergent regions of phase space, i.e. both soft large-angle and hard-collinear,

as well as soft-collinear. In Pythia the invariance of the radiation pattern under

boosts along the dipole direction is broken by running coupling e↵ects: the same

scale µR = v is used along the whole contour of constant v, even though, as one sees

from Fig. 1a, that contour maps to a range of di↵erent physical p? values. This e↵ect

is expected to have consequences that are beyond NLL accuracy, because the region

where p? di↵ers substantially from v comes with a finite weight only at large angle

and a strongly suppressed weight in the anti-collinear region, cf. Fig. 1b. Accordingly

we will not discuss it further in this article.

2. In both Pythia and Dire, the dipole is divided into two parts, one associated with

the quark, the other with the anti-quark. That division occurs at zero-rapidity in

– 11 –

ratio to full  
matrix element

sum



Matrix element for two emissions (low energy ≡ “soft”)

�55

dP =
1
2! ( 2αsC

π
dp⊥,1

p⊥,1
dη1) ( 2αsC

π
dp⊥,2

p⊥,1
dη2)

Double-emission density is square of single-emission formula 
➤ in large parts of phase space 
➤ specifically in parts of primary Lund plane that are well separated in η  

(this is a consequence of “angular ordering”)
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Two emissions in dipole showers (Dire / Pythia8)
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Key observation #1 

highly non-trivial cross talk between emissions

also noticed in 1992 by Andersson, Gustafson & Sjogren → special “fudge” in Ariadne



in equations

�65

3.3 Issues in two-emission case: single strong ordering

Now we turn to the case where v2 is only moderately smaller than v1. Again one may

consider the four cases listed in section 3.2, and in each case we will determine the kine-

matics of the four final-state partons. It is easiest to first illustrate what happens with

reference to Fig. 3a. Here we have generated a sequence of two emissions, g1 and g2, with

v2 = v1/2, and we study how the momentum of g1 is modified after emission of g2. Using

ep?,g1 and e⌘g1 (p?,g1 and ⌘g1) to denote the 2d-vector transverse momentum and rapidity

respectively of gluon g1 before (after) emission of g2, the figure illustrates the following

pattern of modifications:

1. q̄[g1] ! q̄g2[g1] : p?,g1 = ep?,g1 , ⌘g1 = e⌘g1 ,
2. g1[q̄] ! g1g2[q̄] : p?,g1 = ep?,g1 � p?,g2 , ⌘g1 = e⌘g1 � ln

|p?,g1
|

|ep?,g1
| ,

3. g1[q] ! g1g2[q] : p?,g1 = ep?,g1 � p?,g2 , ⌘g1 = e⌘g1 + ln
|p?,g1

|
|ep?,g1

| ,

4. q[g1] ! qg2[g1] : p?,g1 = ep?,g1 , ⌘g1 = e⌘g1

(3.13)

In regions 1 and 4, gluon 1 remains essentially una↵ected by the emission of 2 (the trans-

verse recoils are absorbed by the quark). This is correct, because in the exact matrix

element, soft gluons that are widely separated in rapidity are independent of each other.

In regions 2 and 3, where g2 is at relatively central rapidities, the situation is di↵erent:

g1 acquires a transverse recoil to balance the transverse momentum of g2: this causes the

p?,g1/ep?,g1 to be equal to 1
2 in the corresponding regions of Fig. 3a. There is also a corre-

sponding modification of the rapidity of g1 and its sign and magnitude can be worked out

by noting that the dipole mass must be conserved despite the modification of the transverse

momentum of g1, i.e. by imposing that p?,g1e
±⌘g1 = ep?,g1e

±e⌘g1 , where the choice of sign

depends on the specific configuration.

These modifications of the transverse momentum and rapidity of gluon 1 after emission

of a subsequent gluon 2 are a cause for concern. This is most easily seen by working out

the e↵ective splitting weight for the emission of two soft gluons in regions 2 and 3. We

concentrate on a specific “diamond” rapidity region, which has single-logarithmic rapidity

enhancements for each of the gluons, and whose size is 1/3 of the total double rapidity

phase-space. The details and analysis are given in Appendix A, and we concentrate here

on the results. The result for the ratio of the e↵ective matrix element to the correct

one, Eq. (3.8), is shown in Fig. 3b as a function of the azimuthal angle between the

two emissions and their transverse-momentum ratio. The figure reveals some unwanted

features. These include the empty zones for p?,2/p?,1 & 1
2 and |��12| & 2⇡/3 and the

strong enhancement in a similar azimuthal region for 1
4 . p?,2/p?,1 . 1

2 . There is also

depletion and enhancement in other areas of the plot. Only for rather small values of

p?,2/p?,1 does the e↵ective shower matrix element tend to the correct result.

Some of the features of Fig. 3b are straightforward to understand qualitatively. Con-

sider, for example, the case when the second gluon is emitted back-to-back with respect to

the first, ��12 = ⇡ and with a p?,2 that is a fraction er of the first emission’s original ep?,1.

The first emission’s transverse momentum gets increased by a factor of 1 + er, so that the

new ratio of transverse momenta becomes r = er/(1 + er). Since er  1, the final ratio r is

– 16 –

With/without tilde: momentum before/after emission of gluon 2
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Key observation #2 

phasespace where it matters is “NLL”
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Figure 2: Lund-diagram illustrations of the subleading-NC issue in the showers that we

consider. As a starting point we take a right (left)-moving quark (anti-quark), and gluon g1

emitted at the ⌘� ln p? coordinate shown in the big (“primary”) triangle. The phase-space

for emission of a further gluon from the qg1 dipole corresponds to the shaded area to the

right of g1 on the primary triangle, and the right-hand face of the “leaf” that comes out

of the plane; analogously the phase-space for emission from the q̄g1 dipole corresponds to

the shaded area of the primary triangle to the left of g1 and to the left-hand face of the

leaf. The colour factor associated with the phase-space region is indicated by the colour

of the shading: grey denotes CF , while blue denotes CA/2. The left-hand diagram shows

the correct pattern, the right-hand diagram shows the outcome of the Pythia and Dire

showers.

4. q[g1] ! qg2[g1] which is analogous to Eq. (3.9),

1

2

✓
⌘1 + ln

1

v1

◆
⌧ ⌘2 ⌧ ln

1

v2
! dP2 = CF

2↵s(|p2?,2|)

⇡
d⌘2

dp?,2

p?,2
. (3.12)

The main message to retain from this analysis is that there is a region that has both

soft and collinear enhancements, for each of the two emissions, where instead of a C
2
F

colour factor, one obtains a CFCA/2 colour factor, i.e. an incorrect subleading Nc term.

This is illustrated in the Lund diagram of Fig. 2: panel (a) shows the correct assignment

of colour factors across phase-space for radiation below the scale of g1. The coloured

“leaf” that comes out of the plane represents the additional phase-space that opens up

following emission of g1, with a CA/2 colour factor associated with each of its two faces.

The restriction of the phase-space to that region is a consequence of angular ordering, as

discussed for example some time ago in Ref. [52]. Panel (b) shows the assignment that is

e↵ectively made in the case of the Pythia and Dire showers, with the coloured area (CA/2)

now extending into the primary Lund triangle.7 Since regions with simultaneous soft and

collinear enhancements (i.e. extended areas in the Lund diagram) tend to be associated

with leading double logarithms in distributions of common observables, one may expect

7Note that since we start with a qq̄ system, the primary plane emits only from the front face. For

an initial gg system, one might instead choose to represent emissions from both the front and rear faces,

reflecting the presence of two CA/2 dipoles.
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Figure 2: Lund-diagram illustrations of the subleading-NC issue in the showers that we

consider. As a starting point we take a right (left)-moving quark (anti-quark), and gluon g1

emitted at the ⌘� ln p? coordinate shown in the big (“primary”) triangle. The phase-space

for emission of a further gluon from the qg1 dipole corresponds to the shaded area to the

right of g1 on the primary triangle, and the right-hand face of the “leaf” that comes out

of the plane; analogously the phase-space for emission from the q̄g1 dipole corresponds to

the shaded area of the primary triangle to the left of g1 and to the left-hand face of the

leaf. The colour factor associated with the phase-space region is indicated by the colour

of the shading: grey denotes CF , while blue denotes CA/2. The left-hand diagram shows

the correct pattern, the right-hand diagram shows the outcome of the Pythia and Dire

showers.

4. q[g1] ! qg2[g1] which is analogous to Eq. (3.9),
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The main message to retain from this analysis is that there is a region that has both

soft and collinear enhancements, for each of the two emissions, where instead of a C
2
F

colour factor, one obtains a CFCA/2 colour factor, i.e. an incorrect subleading Nc term.

This is illustrated in the Lund diagram of Fig. 2: panel (a) shows the correct assignment

of colour factors across phase-space for radiation below the scale of g1. The coloured

“leaf” that comes out of the plane represents the additional phase-space that opens up

following emission of g1, with a CA/2 colour factor associated with each of its two faces.

The restriction of the phase-space to that region is a consequence of angular ordering, as

discussed for example some time ago in Ref. [52]. Panel (b) shows the assignment that is

e↵ectively made in the case of the Pythia and Dire showers, with the coloured area (CA/2)

now extending into the primary Lund triangle.7 Since regions with simultaneous soft and

collinear enhancements (i.e. extended areas in the Lund diagram) tend to be associated

with leading double logarithms in distributions of common observables, one may expect

7Note that since we start with a qq̄ system, the primary plane emits only from the front face. For

an initial gg system, one might instead choose to represent emissions from both the front and rear faces,

reflecting the presence of two CA/2 dipoles.
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The main message to retain from this analysis is that there is a region that has both

soft and collinear enhancements, for each of the two emissions, where instead of a C
2
F

colour factor, one obtains a CFCA/2 colour factor, i.e. an incorrect subleading Nc term.

This is illustrated in the Lund diagram of Fig. 2: panel (a) shows the correct assignment

of colour factors across phase-space for radiation below the scale of g1. The coloured

“leaf” that comes out of the plane represents the additional phase-space that opens up

following emission of g1, with a CA/2 colour factor associated with each of its two faces.

The restriction of the phase-space to that region is a consequence of angular ordering, as
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e↵ectively made in the case of the Pythia and Dire showers, with the coloured area (CA/2)
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Figure 3: (a) Illustration of the modification of the transverse momentum (upper panel)

and rapidity (lower panel) of gluon 1 after emission of gluon 2, shown as a function of

the rapidity of gluon 2. Prior to emission of gluon 2, gluon 1 originally has a rapidity

⌘g1 ' 2.3 and transverse momentum ep?,g1 = v1 = 10�6
Q (v1 = 10�6

Q and 1 � z1 =

10�5). Gluon 2 has v2 = 1
2v1 and is emitted parallel in azimuth to gluon 1. To help

guide the eye, four regions of gluon 2 rapidity are labelled according to the identity of the

parton that branches and that of the spectator. The results have been obtained using a

numerical implementation of the kinematic maps of section 2. The transverse momentum

shifts in (a) can be reinterpreted in terms of the e↵ect they have on the e↵ective matrix

element for double-soft emission. Plot (b) shows the ratio of this e↵ective matrix element

to the true one, as a function of the azimuthal angle between the two emissions and their

transverse-momentum ratio (in a specific “diamond” region of widely separated rapidities,

cf. Appendix A). For simplicity, the matrix-element ratio is given in the large-Nc limit.

that this issue with subleading Nc terms will also a↵ect those double logarithms. We will

investigate this in section 4.1.

We should note that issues with the attribution of colour factors beyond leading NC in

dipole showers have been highlighted in a range of previous work, e.g. Refs. [36, 53, 79, 80].

Our analysis in this subsection is close in particular to that of Ref. [53]. We also note

that approaches to obtain the correct subleading colour factor for at least the main soft-

collinear divergences have existed for some time. The classification that is implied by

angular ordering (see also Ref. [52]) provides a guide in this direction, as was articulated

for a dipole shower in Ref. [53] and found to be relevant for particle multiplicities at LHC

energies [54]. Another proposal is that of Ref. [79].
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Prevents shower from getting NLL accuracy for any e+e- event shape!

We have analysed two further observables that are somewhat more involved: the total

jet broadening [95] has a non-zero ↵
2
sL

2 coe�cient, while the thrust is zero at ↵
2
sL

2 but

not zero at ↵3
sL

3 (an all-order analysis reveals further subtleties, however). The situation

is summarised in Table 1.

Observable NLLln⌃ discrepancy

1� T 0.116+0.004
�0.004 ↵̄

3
L
3

vector pt sum �0.349+0.003
�0.003 ↵̄

3
L
3

BT �0.0167335 ↵̄2
L
2

y
cam
3 �0.18277 ↵̄2

L
2

FC1 �0.066934 ↵̄2
L
2

Table 1: The table summarises the NLL di↵erence between the Pythia and Dire shower-

algorithm results and the analytic resummation for di↵erent observables, at the first non-

trivial perturbative order in ↵̄L = 2CF↵sL/⇡. The quoted uncertainty in the results,

whenever present, corresponds to the statistical integration error.

5 Conclusions

In this article we have set out some of the formalism needed to address the question of the

multi-scale accuracy of parton showers, specifically in the context of the Pythia and Dire

transverse-momentum ordered showers. Our conclusions apply to both.

The showers essentially demonstrate all required conditions when considering a single

emission, i.e. the first emission is generated in a way that reproduces the correct soft and

collinear limits of the single-emission matrix element, including single logarithmic regions

(i.e. large-angle soft and hard collinear splitting). However, the pattern of multiple emission

that they generate has flaws in singular regions that are arguably serious. First we have

found that there are double logarithmic regions, already from two emissions, where the

matrix element is incorrect at subleading Nc. This causes the subleading Nc terms of

the leading double logarithms (LL⌃) to be wrong for a number of simple and widely used

observables, such as the thrust (and n � 3 jet rates).11

emissions in the two hemispheres of an e+e� event, there is an erroneous NLL contribution to ⌃(L) which

starts with a term ' �0.349↵̄3L3. Such an observable is similar to the transverse momentum of the Z-

boson in hadron–hadron collisions. For e+e� collisions we are not aware that such an observable has ever

been explicitly studied, however we believe it should be possible to construct it, for example starting from

the observation in Appendix I.1 of Ref. [55], that certain Berger-Kucs-Sterman angularities [94] e↵ectively

reduce to hemisphere vector sums.
11For some practitioners the surprise might be that there do exist observables, such as the jet broadenings

and 2-jet rate, for which the LL⌃ answer is correct including its subleading-Nc terms. We believe that at

double logarithmic level, the subleading colour issue is relatively straightforward to fix. One option is to

appropriately split each dipole into regions of CF and CA/2, possibly with continuous transitions between
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numerically, coefficients are 
not large compared to other 

effects, cf. 

CMW ≃ 0.65ᾱ2L2

(because all these 
observables are quite 

inclusive) 

but machine-learning uses 
all info — including large 
phasespace regions with 

100% deficiencies

probably can’t be solved with 1→ 3, because iteration affects 1→ N 



so far took CF = CA/2, i.e. leading NC limit
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ln p?Dipole radiation pattern
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In real life they’re not equal & common choice for allocating them assigns CA/2 to large 
part of phasespace that is actually gluon emission from quark (i.e. CF)

Key observation #3 

CF v. CA/2 issues occurs over a large area → double (leading) log effects?



another view of the colour issue
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The dipole shower phase space partitioning of g2’s radiation pattern is:

Angular ordering implies a partitioning more like the following: 
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impact on observables?
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Has LL subleading-NC effect on 3-jet rates, thrust, but not for things like broadening, 2-
jet rate (which are physically close the evolution variable, i.e. transverse momentum). 

E.g. for thrust

g1g1

T
hr
us
t
bo
un
da
ry

⌘

ln p?

L

`

CF

CA/2

Figure 4: Lund diagram to help illustrate subleading-Nc issue for the Thrust. See text

for further details.

logarithmic structure, it is useful to consider Fig. 4. For a given constraint on the thrust,

one has the thick red boundary: emissions above that boundary are vetoed. However there

can be emissions below that boundary, e.g. emission g1, which modify the colour factor for

subsequent emissions (and their associated virtual corrections) with a lower value of the

ordering variable v, but that are above the thrust boundary: instead of being associated

with the correct CF factor, they have a factor CA/2. The region where this occurs is shown

in blue, and corresponds to the rapidity regions of Eqs. (3.10) and (3.11), cf. also Fig. 2b.

The second-order, LL⌃ issue that arises because of this can be evaluated by considering the

area of the blue region that is above the thrust boundary, integrating also over the phase

space for real emission 1,

�⌃(L) = �2↵̄2
Z L

L/2
d`1

Z �`1

�L+`1

d⌘1

Z L

`1

d`2

Z 1
2 (⌘1+`1)

1
2 (⌘1�`1)

d⌘2⇥(|⌘2| < L� `2)

✓
CA

2CF
� 1

◆
,

(4.6a)

= �
1

64
↵̄
2
L
4

✓
CA

2CF
� 1

◆
, (4.6b)

where one should recall that L is positive, we have introduced `i = ln 1/vi, ↵̄ includes a

CF colour factor, cf. Eq. (4.5), and there is an overall factor of two associated with the

possibility of ⌘1 being either negative or positive (the integral includes only the negative

case). This correction is double logarithmic. However it is Nc suppressed, by a factor

c ⌘

✓
CA

2CF
� 1

◆
=

1

N2
c � 1

=
1

8
. (4.7)

A double-logarithmic (LL⌃) Nc-suppressed e↵ect of this kind is present for any event-

shape like observable with b 6= 0 in Eq. (4.2). The fact that terms ↵
n
sL

2n are modified

for n � 2 means that the result from the parton shower does not properly exponentiate

beyond leading colour, i.e. cannot be written in the form of Eq. (4.1).

In contrast, for observables with b = 0, for example the jet broadening, there is no

such e↵ect at double-logarithmic accuracy. This is because the boundary associated with a

limit on the value of a b = 0 observable corresponds to a horizontal line in the Lund plane.
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CF colour factor, cf. Eq. (4.5), and there is an overall factor of two associated with the

possibility of ⌘1 being either negative or positive (the integral includes only the negative
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A double-logarithmic (LL⌃) Nc-suppressed e↵ect of this kind is present for any event-

shape like observable with b 6= 0 in Eq. (4.2). The fact that terms ↵
n
sL

2n are modified

for n � 2 means that the result from the parton shower does not properly exponentiate

beyond leading colour, i.e. cannot be written in the form of Eq. (4.1).

In contrast, for observables with b = 0, for example the jet broadening, there is no

such e↵ect at double-logarithmic accuracy. This is because the boundary associated with a

limit on the value of a b = 0 observable corresponds to a horizontal line in the Lund plane.

– 19 –

➤ no LL effect for events shapes in same LL class as broadening & 2-jet rate 

➤ but it will re-appear for 3-jet rate
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Understanding showers
➤ Extend analysis to other showers 

➤ E.g. Herwig angular ordered shower variants studied by Bewick, Ravasio-Ferrario, 
Richardson, Seymour, arXiv:1904.11866 

➤ Extend analysis to all orders 

➤ including a statement of matrix-element properties to be reproduced at all orders  

➤ extension of analytic/numerical analysis shown here to all-orders, for both recoil 
issues and colour-factor issues 

➤ implementing full versions of showers (e.g. Pythia & Dire) & checking that there 
aren’t other “surprises”  
[numerical verification of log-structure with a full shower is highly non-trivial, 
but important for validating future shower algorithms]
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https://arxiv.org/abs/1904.11866


Developing new showers
➤ What ordering variables can / should one be using? 

➤ broad conceivable family is kt e-b|η| with any b > -1 

➤ are all allowed? 

➤ What classes of recoil schemes are allowed? 

➤ dipole-local? 

➤ global? 

➤ What should be chosen as the baseline colour-factor treatment? 

➤ full colour is cumbersome, are there starting points that make it less so? 

➤ cf. e.g. Gustafson ’93, C. Friberg, G. Gustafson and J. Hakkinen, hep-ph/9604347  
Giele, Kosower & Skands, arXiv:1102.2126
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Conclusions
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Parton showers are a crucial element in collider physics 

Seeing many developments (subleading colour for non-global logarithms, multi-particle 
emission kernels, etc.) 

But maybe we need to go back to foundations: 

➤ improving parton showers is not just a question of better components  
(e.g. higher-order splitting kernels) 

➤ question of how components are assembled is equally crucial  

➤ we must identify & state what a parton shower should be achieving 

➤ new studies along these lines are teaching us important things about existing 
showers
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Figure 1: (a) The accessible contour of emissions in the ⌘� ln p? (“Lund” [78]) plane for

fixed values of the ordering variable v, for splittings of a right-going quark, shown for both

the Pythia and Dire shower kernels. The phase-space boundary is sometimes alternatively

described as the hard-collinear limit. (b) The splitting weights associated with emissions as

a function of rapidity from the (right-going) quark and (left-going) anti-quark, normalised

so as to be 1 in the soft-collinear region. This holds for both Pythia and Dire. The weights

are independent of v, as long as v/Q ⌧ e
�|⌘|, i.e. as long as one is far from the phase-space

boundary shown in (a). The rapidity is defined in the qq̄ dipole centre-of-mass frame.

This means that the sum of quark and anti-quark splittings has a simple weight even taking

into account running coupling e↵ects:

Dire: dPq!qg + dPq̄!q̄g =
2↵s(|p2?|)CF

⇡

dp?
p?

d⌘ . (3.7)

The essential properties of single-parton emission are illustrated in Fig. 1. There are

three main elements to comment on regarding the above analysis:

1. The e↵ective single-emission matrix element in Pythia and Dire is correct in all

singly-divergent regions of phase space, i.e. both soft large-angle and hard-collinear,

as well as soft-collinear. In Pythia the invariance of the radiation pattern under

boosts along the dipole direction is broken by running coupling e↵ects: the same

scale µR = v is used along the whole contour of constant v, even though, as one sees

from Fig. 1a, that contour maps to a range of di↵erent physical p? values. This e↵ect

is expected to have consequences that are beyond NLL accuracy, because the region

where p? di↵ers substantially from v comes with a finite weight only at large angle

and a strongly suppressed weight in the anti-collinear region, cf. Fig. 1b. Accordingly

we will not discuss it further in this article.

2. In both Pythia and Dire, the dipole is divided into two parts, one associated with

the quark, the other with the anti-quark. That division occurs at zero-rapidity in
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Figure 1: Di↵erent representations for two jets. Top: the particles inside the jet. Middle:

the full Lund diagram. Bottom: the primary Lund plane. See text for further details.

of the corresponding particle. The black particle (a) is the primary particle, i.e. the one

that initiated the jet. Particles (b) and (c) are emissions inside the jet.

The middle representation gives the full Lund diagrams for each of the two jets. The

phase-space for emission from each particle is represented as a triangle in a ln� and ln kt
plane, where � and kt are respectively the angle and transverse momentum of an emission

with respect to its emitter. The triangles are colour-coded to match the colours of the

particles in the upper row. The black triangle represents the primary phase space, i.e.

emission from (a) (our classification of which particle emits which other ones is based

on the concept of angular ordering of emissions). Considering the left-hand jet, the blue

particle (b) in the jet is represented as a blue point at the appropriate (�, kt) coordinate

on the (black) triangle associated with its emitter (a). The blue particle has its own phase-

space region, the blue triangle, which is known as a secondary Lund triangle, or “leaf”

where the particle could have, but in this case didn’t, emit. Similarly for the red particle,

(c), which is also emitted from (a). In contrast, for the right-hand jet, (c) was emitted from

(b) and so its point appears on the (secondary) blue triangle associated with particle (b),

while its red phase-space triangle emerges as a tertiary triangle, or leaf, o↵ (b)’s triangle.

Finally, the bottom diagram shows the primary Lund plane, which contains just the
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Figure 3: (a) Illustration of the modification of the transverse momentum (upper panel)

and rapidity (lower panel) of gluon 1 after emission of gluon 2, shown as a function of

the rapidity of gluon 2. Prior to emission of gluon 2, gluon 1 originally has a rapidity

⌘g1 ' 2.3 and transverse momentum ep?,g1 = v1 = 10�6
Q (v1 = 10�6

Q and 1 � z1 =

10�5). Gluon 2 has v2 = 1
2v1 and is emitted parallel in azimuth to gluon 1. To help

guide the eye, four regions of gluon 2 rapidity are labelled according to the identity of the

parton that branches and that of the spectator. The results have been obtained using a

numerical implementation of the kinematic maps of section 2. The transverse momentum

shifts in (a) can be reinterpreted in terms of the e↵ect they have on the e↵ective matrix

element for double-soft emission. Plot (b) shows the ratio of this e↵ective matrix element

to the true one, as a function of the azimuthal angle between the two emissions and their

transverse-momentum ratio (in a specific “diamond” region of widely separated rapidities,

cf. Appendix A). For simplicity, the matrix-element ratio is given in the large-Nc limit.

that this issue with subleading Nc terms will also a↵ect those double logarithms. We will

investigate this in section 4.1.

We should note that issues with the attribution of colour factors beyond leading NC in

dipole showers have been highlighted in a range of previous work, e.g. Refs. [36, 53, 79, 80].

Our analysis in this subsection is close in particular to that of Ref. [53]. We also note

that approaches to obtain the correct subleading colour factor for at least the main soft-

collinear divergences have existed for some time. The classification that is implied by

angular ordering (see also Ref. [52]) provides a guide in this direction, as was articulated

for a dipole shower in Ref. [53] and found to be relevant for particle multiplicities at LHC

energies [54]. Another proposal is that of Ref. [79].
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Figure 5: Representation of the di↵erent regions of rapidities for a pair of emissions with

commensurate but small p? values. The “diamond” rapidity region is that used for the

analysis in this appendix and also in Fig. 3b.

of the plane. The region not a↵ected at all by transverse recoil issues is also 1/3 of the

plane.

Recall that the correct double-soft matrix element is given by Eq. (3.8). For the

purpose of understanding the e↵ective matrix element, we work in a fixed-coupling limit.

Then consider the case where a shower generates first an emission g1 with transverse

momentum p?,1 and rapidity ⌘1 and then an emission g2 with transverse momentum p?,2

and rapidity ⌘2, with the first emission’s transverse momentum being modified by the recoil

to become p?,1�p?,2. Then we evaluate the probability for either of g1 and g2 to coincide

with some momentum pa and other one to coincide with some pb. This is given by:

dP2,shower(pa, pb 2 ⇧)

d⌘a d⌘b d
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=
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2(p?,2 � p?,b)�(⌘a � ⌘1)�(⌘b � ⌘2) + (a $ b)
⇤
. (A.3)

Note that we do not here consider the e↵ect of the change of rapidity in Eqs. (3.13),

because the rapidity distributions of the gluons are uniform throughout most of the bulk

of the diamond region and a shift in rapidity leaves those uniform distributions unchanged.

The only exceptions are at the edge of the diamond region and along the diagonal (when

the two rapidities are similar), and those regions’ phase space is suppressed by one power

of the logarithm of v1 ' v2. Figure 3b shows the ratio of Eq. (A.3) to the correct result,

Eq. (3.8), in the large Nc limit, i.e. equating CF and CA/2.

B Fixed-order di↵erence with respect to NLL resummation

In this appendix we report the necessary formulae to carry out the third-order study of the

di↵erence �⌃(L) between the dipole showers considered in this work and the NLL analytic

result, the results of which are summarised in Table 1.
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Figure 5: Representation of the di↵erent regions of rapidities for a pair of emissions with

commensurate but small p? values. The “diamond” rapidity region is that used for the

analysis in this appendix and also in Fig. 3b.

of the plane. The region not a↵ected at all by transverse recoil issues is also 1/3 of the

plane.

Recall that the correct double-soft matrix element is given by Eq. (3.8). For the

purpose of understanding the e↵ective matrix element, we work in a fixed-coupling limit.

Then consider the case where a shower generates first an emission g1 with transverse

momentum p?,1 and rapidity ⌘1 and then an emission g2 with transverse momentum p?,2

and rapidity ⌘2, with the first emission’s transverse momentum being modified by the recoil

to become p?,1�p?,2. Then we evaluate the probability for either of g1 and g2 to coincide

with some momentum pa and other one to coincide with some pb. This is given by:

dP2,shower(pa, pb 2 ⇧)
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. (A.3)

Note that we do not here consider the e↵ect of the change of rapidity in Eqs. (3.13),

because the rapidity distributions of the gluons are uniform throughout most of the bulk

of the diamond region and a shift in rapidity leaves those uniform distributions unchanged.

The only exceptions are at the edge of the diamond region and along the diagonal (when

the two rapidities are similar), and those regions’ phase space is suppressed by one power

of the logarithm of v1 ' v2. Figure 3b shows the ratio of Eq. (A.3) to the correct result,

Eq. (3.8), in the large Nc limit, i.e. equating CF and CA/2.

B Fixed-order di↵erence with respect to NLL resummation

In this appendix we report the necessary formulae to carry out the third-order study of the

di↵erence �⌃(L) between the dipole showers considered in this work and the NLL analytic

result, the results of which are summarised in Table 1.
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The path forward: collect 20-30x more collisions by ~2035
➤ Suppose we had a choice between  

➤ HL-LHC (14 TeV, 3ab-1) 
➤ or going to higher c.o.m. energy but 

limited to 80fb-1. 
➤ How much energy would we need to equal 

the HL-LHC?

�81

14

 [GeV]0
2
χ∼

=m±

1
χ∼

m
200 400 600

 [G
eV

]
0 1
χ∼

m

0

100

200

300

400

3−10

2−10

1−10

1

95
%

 C
L 

up
pe

r l
im

it 
on

 c
ro

ss
 s

ec
tio

n 
[p

b]

 (13 TeV)-135.9 fbCMS
1
0χ∼

1
0χ∼ WZ→ 0

2
χ∼±

1
χ∼ →pp 

NLO-NLL excl.theoryσ 1 ±Observed 
experimentσ 1 ±Expected 

 [GeV]0
2
χ∼

 = m±

1
χ∼

m
200 400 600

 [G
eV

]
0 1
χ∼

m

0

50

100

150

200

-310

-210

-110

1

95
%

 C
L 

up
pe

r l
im

it 
on

 c
ro

ss
 s

ec
tio

n 
[p

b]

 (13 TeV)-135.9 fbCMS
1
0χ∼

1
0χ∼ WH→ 0

2
χ∼±

1
χ∼ →pp 

NLO-NLL excl.theoryσ 1 ±Observed 
experimentσ 1 ±Expected 

 [GeV]0
2
χ∼

=m±

1
χ∼

m
200 400 600

 [G
eV

]
0 1
χ∼

m

0

100

200

300

-310

-210

-110

1

95
%

 C
L 

up
pe

r l
im

it 
on

 c
ro

ss
 s

ec
tio

n 
[p

b]

 (13 TeV)-135.9 fbCMS
) = 1

1
0χ∼ W→±

1
χ∼(B, 0

2
χ∼±

1
χ∼ →pp 

) = 0.5
1
0χ∼ H→0

2
χ∼(B) = 

1
0χ∼ Z→0

2
χ∼(B

NLO-NLL excl.theoryσ 1 ±Observed 
experimentσ 1 ±Expected 

Figure 8: The 95% CL upper limits on the production cross sections in the plane of mec±
1

and mec0
1

for the models of ec±
1 ec0

2 production with (upper) the WZ topology, (middle) the WH topology,
or (lower) the mixed topology with 50% branching fraction to each of WZ and WH. The thick
solid black (dashed red) curve represents the observed (expected) exclusion contour assuming
the theory cross sections. The area below each curve is the excluded region. The thin dashed red
lines indicate the ±1sexperiment uncertainty. The thin black lines show the effect of the theoretical
uncertainties (±1stheory) on the signal cross section. The color scale shows the observed limit at
95% CL on the signal production cross section.

today’s  
reach  

(13 TeV, 80fb-1)

HL-LHC  
reach  

(14 TeV 3ab-1)

energy needed 
for same reach 

with 80fb-1

4.7 TeV SSM Z’ 6.7 TeV 20 TeV

2 TeV weakly 
coupled Z’ 3.7 TeV 37 TeV

680 GeV  
chargino 1.4 TeV 54 TeV



Hard processes: to 3rd order (NNLO) in perturbation theory strong coupling constant (αs)
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in past 3 years

as of April 2017
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