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particle physics

“big unanswered questions”  
about fundamental particles & their interactions 

(dark matter, matter-antimatter asymmetry,  
nature of dark energy, hierarchy of scales…) 

v. 

“big answerable questions” 
and how we go about answering them 

(nature of Higgs interactions, validity of SM up to high scales, 
lepton flavour universality, pattern of neutrino mixing, …)
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The Lagrangian and Higgs interactions: two out of three qualitatively new!

3

ℒSM = ⋯ + |Dμϕ |2 + ψi yij ψj ϕ − V(ϕ)

Gauge interactions, structurally 
like those in QED, QCD, EW, 

studied for many decades  
(but now with a scalar)

Yukawa interactions.  
Responsible for fermion 

masses, and induces “fifth 
force” between fermions. 

Direct study started only 
in 2018!

Higgs potential → 
self-interaction 

Holds the SM 
together.  

Unobserved
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The LHC is increasingly a precision machine, even for Higgs physics
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Higgs potential — huge energy densities
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Energy density of  

Mass density of  

(fit sun’s mass  
into this auditorium)

1.5 × 1010 GeV/fm3

2.6 × 1028 kg/m3

≳ 10 ×
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Higgs potential — huge energy densities — yet to be experimentaly confirmed
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ATLAS 2209.10910 (HH→bbττ) systematics [highest expected sensitivity]

7

Table 4: Breakdown of the relative contributions to the uncertainty in the extracted signal cross-sections, as determined
in the likelihood fit (described in Section 8) to data. They are obtained by fixing the relevant nuisance parameters in
the likelihood fit, subtracting the square of the obtained uncertainty in the fitted signal cross-section from the square
of the total uncertainty, taking the square root, and then dividing by the total uncertainty. The sum in quadrature of
the individual components di�ers from the total uncertainty due to correlations between uncertainties in the di�erent
groups.

Uncertainty source Non-resonant ��

Resonant - ! ��

300 GeV 500 GeV 1000 GeV

Data statistical + floating normalisation 81% 76% 90% 93%
Data statistical 81% 76% 90% 93%
CC̄ and / + HF normalisations 4% 8% 3% 5%

Systematic 58% 65% 43% 37%
MC statistical 28% 44% 33% 18%
Experimental 12% 31% 8% 12%

Jet and ⇢
miss
T 8% 27% 5% 4%

1-jet tagging 5% 5% 3% 7%
ghad-vis 6% 12% 3% 8%
Electrons and muons 3% 3% 2% 2%
Luminosity and pile-up 3% 2% 2% 5%

Background and signal and modelling 42% 39% 26% 30%
Fake-ghad-vis 8% 19% 4% 8%
Top-quark 24% 17% 12% 8%
/ (! gg) + HF 9% 17% 9% 15%
Single Higgs boson 29% 2% 14% 15%
Other backgrounds 3% 2% 5% 3%
Signal 5% 14% 7% 15%

The systematic uncertainties described in Sections 6 and 7 are represented in the fit as Gaussian- or
Poisson-constrained nuisance parameters, which modify the normalisation, relative normalisation between
event categories, and/or distribution shape of the discriminating variable for the signal and background
processes. Systematic uncertainties are symmetrised and shape uncertainties are smoothed where physically
motivated, and then those with a negligible impact are removed from the likelihood fit. Experimental,
cross-section, and acceptance uncertainties are correlated across the event categories, except for the
parton-shower uncertainty of the CC̄ background, since the kinematic and topological properties of this
background di�er between event categories. Modelling uncertainties in data-driven background estimates
are not correlated across di�erent estimation strategies, because di�erent sources of fake-ghad-vis are
estimated using di�erent procedures.

The binning schemes for the MVA output distributions used in the likelihood fit were chosen to minimise
the number of bins, while also maximising the retained expected sensitivity, and ensuring the stability of
the fit and the validity of the asymptotic approximation. The binning schemes start from finely binned
histograms, and bins are iteratively merged beginning from the most signal-like MVA bins until the
following channel-dependent criteria are fulfilled. In the ghadghad channel, the bins are required to satisfy
f

MC
b < 0.5 5s + 1%, where fMC

b is the relative MC statistical uncertainty of the background estimate and 5s

is the signal fraction in the bin. In the glepghad channel, the bins are required to satisfy 10 5s +5 5b > 1, where
5s and 5b are the signal and background fractions in the bin, respectively. Bins in all channels must be
expected to contain at least five background events to ensure that the asymptotic approximation is valid.

24
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Do we know how to do precision physics at hadron colliders?
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slightly smaller values of AM 5 than those from 
e+e- annihilation, as can be seen in Fig. 31, 
too. 

The data, taking an optimistic point of 
view, can all be described well by QCD with 
150 MeV < A<:}5 < 250 MeV, which cor-
responds to an error in a,(Mzo) of ±0.004. 
With a more pessimistic attitude, however, 
one can also argue that the range in AMs 
which is necessary to describe the data is 
100 MeV< A<:}5 < 350 MeV, which then cor-
responds to an error in a,(Mzo) of ±O.Oll. A 
stringent "determination" of the error of the 
world average of a,(Mzo) is not possible, since 
the uncertainties are mainly of theoretical na-
ture which prevents a classical error analysis. 
The final world average is thus quoted to be 

la,(Mzo) = 0.118 ± 0.0071, 

where the error corresponds to the average be-
tween the optimistic and the pessimistic view 

27 

goven above. Exactly the same result, how-
ever with a different attitude of interpreting 
the theoretical uncertainties, was recently pre-
sented by G. Altarelli 81. This world average 
value of a,(Mzo) now seems to be very stable 
and solid. Due to the remarkably good agree-
ment between the results quoted from many 
different processes and observables, there is no 
apparent reason to argue for an uncertainty 
which should be much larger than the one 
given above . 

SUMMARY 

The large number of significant and pre-
cise tests of QCD which were presented at this 
conference, 20 years after the theory was first 
formulated, set another milestone in exploring 
and testing the standard model of the elemen-
tary particles and forces. 

New, precise measurements of nucleon 
structure functions became available, with 
valuable information down to x 0.008, ex-
tending the x-range towards smaller values 
by one order of magnitude. The high statis-
tics and the large kinematic range of the new 
data resolved the controversy between pre-
vious measurements. These data have also 
caused readjustments of the parametrizations 
of quark distributions, especially at small x. 
Measurements of bb cross sections at hadron 
colliders indicate that the gluon distributions 
may also need to be changed. After more than 
20 years of experimental and theoretical work 
on scaling violations in DIS, the field is still de-
veloping towards a more consistent and precise 
picture. An overall and new determination of 
the parton distributions, using all the avail-
able data on structure functions, is mandatory 
and should soon replace the old parametriza-
tions which are used to calculate hadronic pro-
cesses for present and for future experiments. 

The physics of hadron jets gave further, 
precise insights into the dynamics and quan-
tum numbers of parton scattering processes. 
In e+e- annihilations at LEP, studies of 4-
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Gerne hatt ich fortgeschrieben 
aber es ist liegen blieben. 

Johann Wolfgang Goethe 
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Three decades of the strong coupling 
Uncertainty has gone down by an order of 
magnitude to ~ 0.8% 

central value has stayed stable, today
 

Sources of improvement 

➤ data (LEP, DIS,~LHC) 

➤ better theory (e.g. NNLO, N3LL) 

➤ better computers (e.g. for lattice) 

Challenges 

➤ how to handle spread of error estimates 
(e.g. when systematic dominated)
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Figure 9.5: Lattice determinations that enter the FLAG2019 average. The yellow (light shaded)
band and dotted line indicates the average value for this sub-field. The dashed line and blue (dark
shaded) band represent the final world average value of –s(M2

Z). a

aIn the previous edition, the JLQCD result was incorrectly labelled as “JLQCD17” and had a wrong (too small)
uncertainty.

direct inclusion of this FLAG average here. As in the previous review, we therefore adopt the FLAG
average with its uncertainty as our value of –s for the lattice category. Moreover, this lattice result
will not be directly combined with any other sub-field average, but with our non-lattice average to
give our final world average value for –s.

9.4.8 Determination of the world average value of –s(M2
Z):

Obtaining a world average value for –s(M2

Z) is a non-trivial exercise. A certain arbitrariness and
subjective component is inevitable because of the choice of measurements to be included in the
average, the treatment of (non-Gaussian) systematic uncertainties of mostly theoretical nature, as
well as the treatment of correlations among the various inputs, of theoretical as well as experimental
origin.

We have chosen to determine pre-averages for sub-fields of measurements that are considered
to exhibit a maximum degree of independence among each other, considering experimental as well
as theoretical issues. The seven pre-averages are summarized in Fig. 9.2. We recall that these are

11th August, 2022

outliers  
and/or 
small 
errors



Event 
shapes

16

30 9. Quantum Chromodynamics

–s(M2
· ) = 0.312 ± 0.015.

0.110 0.115 0.120 0.125 0.130
αs(M2

Z)
August 2021

BDP 2008-16
Boito 2018
PDG 2020
Boito 2021

τ decays
&

low Q2

Mateu 2018
Peset 2018
Narison 2018 (c ̄c)
Narison 2018 (b ̄b)
BM19 (c ̄c)
BM20 (b ̄b)

QQ
bound
states

BBG06
JR14
ABMP16
NNPDF31
CT18
MSHT20

PDF fits

ALEPH (j&s)
OPAL (j&s)
JADE (j&s)
Dissertori (3j)
JADE (3j)
Verbytskyi (2j)
Kardos (EEC)
Abbate (T)
Gehrmann (T)
Hoang (C)

  e +e −

jets
&

shapes

Klijnsma (t ̄t)
CMS (t ̄t)
H1 (jets)*
d'Enterria (W/Z)
HERA (jets)

hadron
collider

PDG 2020
Gfitter 2018  electroweak

FLAG2019 lattice

Figure 9.2: Summary of determinations of –s(M2

Z) from the seven sub-fields discussed in the
text. The yellow (light shaded) bands and dotted lines indicate the pre-average values of each
sub-field. The dashed line and blue (dark shaded) band represent the final world average value of
–s(M2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination including
a simultaneous fit of PDFs.

11th August, 2022

30 9. Quantum Chromodynamics

–s(M2
· ) = 0.312 ± 0.015.

0.110 0.115 0.120 0.125 0.130
αs(M2

Z)
August 2021

BDP 2008-16
Boito 2018
PDG 2020
Boito 2021

τ decays
&

low Q2

Mateu 2018
Peset 2018
Narison 2018 (c ̄c)
Narison 2018 (b ̄b)
BM19 (c ̄c)
BM20 (b ̄b)

QQ
bound
states

BBG06
JR14
ABMP16
NNPDF31
CT18
MSHT20

PDF fits

ALEPH (j&s)
OPAL (j&s)
JADE (j&s)
Dissertori (3j)
JADE (3j)
Verbytskyi (2j)
Kardos (EEC)
Abbate (T)
Gehrmann (T)
Hoang (C)

  e +e −

jets
&

shapes

Klijnsma (t ̄t)
CMS (t ̄t)
H1 (jets)*
d'Enterria (W/Z)
HERA (jets)

hadron
collider

PDG 2020
Gfitter 2018  electroweak

FLAG2019 lattice

Figure 9.2: Summary of determinations of –s(M2

Z) from the seven sub-fields discussed in the
text. The yellow (light shaded) bands and dotted lines indicate the pre-average values of each
sub-field. The dashed line and blue (dark shaded) band represent the final world average value of
–s(M2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination including
a simultaneous fit of PDFs.

11th August, 2022

outliers and/or 
small errors



event shapes 
 measure amount of 
radiation relative to 

simple  
 

event
e+e− → qq̄

17

Where do we start?

We’re going to study some observables which are relatively
inclusive (i.e. we are not interested in the fate of individual
particles, but rather in the general flow of energy): Event
Shapes in e+e−.
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2 θij

(
∑

i |!pi|)
2 ,

jet-mass ρ =

(∑
i∈hemisphere pi

)2

(
∑

iEi)
2 ,

broadening BT =

∑
i pti∑
i |!pi|

.

Define also:

heavy-jet mass ρh = max{ρleft, ρright} ,
wide-jet broadening BW = max{Bleft, Bright} .
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Figure 10. Left: Illustration of the BT -dependent non-perturbative shift in
the jet broadening distribution for e+e− annihilation. The dashed curve is
the perturbative prediction (NLL+NLO), while the solid curve includes a non-
perturbative (B-dependent) shift. Figure taken from [135]. Right: NLL+NLO
distribution with a 1/Q shift for τtE = 1 − TtE in DIS at a range of Q values
(round dots indicate points used in fits) [33]. The Q values range from 15 GeV
(bottom) to 81 GeV (top).
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Figure 11. Left: 1-σ contours for simultaneous fits of αs and α0 to e+e− event-
shape distributions. The error contours account for statistic, systematical and
theoretical uncertainties. The shaded band indicates the result for αs when using
Monte Carlo hadronisation models. Figure taken from [184]. Right: 1-σ contours
from fits to H1 DIS event shape distributions [115] with statistical and systematic
errors added in quadrature. Figure taken from [33].

e+e− and DIS. This statement holds holds also for the EEC, fitted in [89], not shown
in fig. 11. There is also good agreement with the results for the mean values, fig. 3,
except marginally for DIS αs results, which for distributions are in better accord with
the world average.
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c. 1995, theorists proposed analytical 
approaches to quantifying hadronisation 
(Dokshitzer, Marchesini & Webber; 
Beneke & Braun; Manohar & Wise; 
Korchemsky & Sterman). 

 

Did they match data?  
Two key features to check: 

➤ universality of  across many shapes 

➤ scaling with centre-of-mass energy Q

δV ∼
cV α0

Q

α0
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Figure 3: Energy dependence of the mean values of the total (〈BT 〉) and wide jet broad-
ening (〈BW 〉), and of the C-parameter (〈C〉) are shown [19]. The solid curves are the result
of the fit using perturbative calculations plus two-loop power corrections which include
the Milan factor [6] and the revisited power corrections to jet broadening observables[7].
The dashed line is the perturbative prediction using the fitted value of αs(MZ0).
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JADE experiment: 1979 – 1986 at DESY 
[JApan-Deutschland-England] 

“So the original JADE data were preserved 
[except] the JADE luminosity files. […] A 
worldwide search […] found a printed version 
[…] on green recycling paper and too faint for 
scanning […] the numbers had to be typed in 
a tedious effort into a text file. Only 5 typing 
errors were found and corrected by a 
checksum routine.” 

Springer Nature 2021 LATEX template

The JADE Experiment at the PETRA e+e�

collider - history, achievements and revival

S. Bethke1* and A. Wagner2*

1Max-Planck-Institute of Physics, Föhringer Ring 6, Munich,
80805, Germany.

2DESY, Notkestr. 85, Hamburg, 22607, Germany.

*Corresponding author(s). E-mail(s): bethke@mpp.mpg.de;
albrecht.wagner@desy.de;

Abstract

The JADE experiment was one of five large detector systems tak-
ing data at the electron-positron collider PETRA, from 1979 to 1986,
at e+e� annihilation centre-of-mass energies from 12 to 46.7 GeV.
The forming of the JADE collaboration, the construction of the appa-
ratus, the most prominent physics highlights, and the post-mortem
resurrection and preservation of JADE’s data and software are reviewed.
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and storage of the new data to come. The DESY computer centre requested
from the PETRA experiments to significantly reduce their stores of A-Tapes.
The remaining tapes were packed in big aluminum boxes that could only be
moved by fork-lifts, and stored elsewhere at DESY. At this point, the 1 TB of
JADE data resided in 23 of these big boxes that were stored away in DESY’s
Hall 2, and were deleted from the general catalogue.

Fig. 22 The JADE data were originally stored on about 6500 IBM tapes, later converted
and written to about 600 IBM3490 cartridges, and nowadays conveniently fit onto a single
2 TB USB memory stick.

By 1995, also the space in Hall 2 was needed for other purposes. Again
the PETRA experiments were asked to discard their remaining data, or else
to arrange for further storage by themselves. In spring 1996, DESY decided to
phase out the IBM Mainframe, also implying that the old IBM tapes would
soon be history. The responsible JADE experts, still being on-site but involved
in other projects like HERA, decided to move all JADE data onto IBM3490
cartridges, thereby reducing the physical volume of the required storage space
such that it finally “should fit into a drawer”.

Moving the JADE data to modern data carriers also required to rewrite
them such that they could be read on any future computer platform. This
requirement led to a number of di�culties and problems, some appearing as

Bethke & Wagner, 2208.11076

× few thousand

https://arxiv.org/abs/2208.11076
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Figure 3: Energy dependence of the mean values of the total (〈BT 〉) and wide jet broad-
ening (〈BW 〉), and of the C-parameter (〈C〉) are shown [19]. The solid curves are the result
of the fit using perturbative calculations plus two-loop power corrections which include
the Milan factor [6] and the revisited power corrections to jet broadening observables[7].
The dashed line is the perturbative prediction using the fitted value of αs(MZ0).
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the Milan factor [6] and the revisited power corrections to jet broadening observables[7].
The dashed line is the perturbative prediction using the fitted value of αs(MZ0).

14

NLO

NLO + cv α0 /Q

Adding in the JADE data 
played major role in 

confirming the simple 
theoretical picture

JADE Collab, hep-ex/9903009

https://arxiv.org/abs/hep-ex/9903009
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(a) 〈1− T 〉 〈M2
H/s〉 〈BT 〉 〈BW 〉 〈C〉 average

αS(MZ0) 0.1198 0.1141 0.1183 0.1190 0.1176 0.1177

Q range [GeV] 13-183 14-183 35-183 35-183 35-183

χ2/d.o.f. 52.2/39 22.0/33 22.1/25 18.8/26 18.8/16

experimental ±0.0013 ±0.0010 ±0.0016 ±0.0020 ±0.0013 ±0.0016

xµ = 0.5 −0.0049 −0.0026 −0.0038 +0.0017 −0.0043 −0.0027
xµ = 2.0 +0.0061 +0.0037 +0.0048 +0.0003 +0.0053 +0.0026

M− 20% +0.0011 +0.0013 +0.0008 +0.0005 +0.0009 +0.0008
M+ 20% −0.0011 −0.0001 −0.0007 −0.0005 −0.0009 −0.0005

µI = 1 GeV +0.0025 +0.0013 +0.0017 +0.0011 +0.0020 +0.0014
µI = 3 GeV −0.0019 −0.0011 −0.0014 −0.0009 −0.0016 −0.0012

Total error +0.0068
−0.0055

+0.0043
−0.0030

+0.0054
−0.0044

+0.0029
−0.0022

+0.0058
−0.0049

+0.0035
−0.0034

(b) 〈1− T 〉 〈M2
H/s〉 〈BT 〉 〈BW 〉 〈C〉 average

ᾱ0(2 GeV) 0.509 0.614 0.442 0.392 0.451 0.473

experimental ±0.012 ±0.018 ±0.015 ±0.028 ±0.010 ±0.014

xµ = 0.5 +0.003 +0.011 +0.020 +0.109 +0.005 +0.018
xµ = 2.0 −0.002 −0.005 −0.014 −0.042 −0.003 −0.009

M− 20% +0.058 +0.084 +0.046 +0.032 +0.050 +0.053
M+ 20% −0.040 −0.064 −0.031 −0.022 −0.034 −0.037

Total error +0.059
−0.042

+0.087
−0.067

+0.052
−0.037

+0.117
−0.055

+0.051
−0.036

+0.058
−0.041

Table 3: Values of αs(MZ0) (a) and ᾱ0(µI) (b) derived using µI = 2 GeV and xµ = 1 and
the O(α2

s) calculations plus two-loop power corrections, which include the Milan factor
[6], and the revisited power corrections for the broadening observables [7]. In addition,
the statistical and systematic uncertainties are given. Signed values indicate the direc-
tion in which αs(MZ0) and ᾱ0(µI) changed with respect to the standard analysis. The
renormalisation and infrared scale uncertainties are treated as an asymmetric uncertainty
on αs(MZ0) and ᾱ0(µI). No error contribution from the infrared scale µI is assigned to
ᾱ0(µI).
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(a) 〈1− T 〉 〈M2
H/s〉 〈BT 〉 〈BW 〉 〈C〉 average

αS(MZ0) 0.1198 0.1141 0.1183 0.1190 0.1176 0.1177

Q range [GeV] 13-183 14-183 35-183 35-183 35-183
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M− 20% +0.0011 +0.0013 +0.0008 +0.0005 +0.0009 +0.0008
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xµ = 2.0 −0.002 −0.005 −0.014 −0.042 −0.003 −0.009

M− 20% +0.058 +0.084 +0.046 +0.032 +0.050 +0.053
M+ 20% −0.040 −0.064 −0.031 −0.022 −0.034 −0.037

Total error +0.059
−0.042

+0.087
−0.067

+0.052
−0.037

+0.117
−0.055

+0.051
−0.036

+0.058
−0.041

Table 3: Values of αs(MZ0) (a) and ᾱ0(µI) (b) derived using µI = 2 GeV and xµ = 1 and
the O(α2

s) calculations plus two-loop power corrections, which include the Milan factor
[6], and the revisited power corrections for the broadening observables [7]. In addition,
the statistical and systematic uncertainties are given. Signed values indicate the direc-
tion in which αs(MZ0) and ᾱ0(µI) changed with respect to the standard analysis. The
renormalisation and infrared scale uncertainties are treated as an asymmetric uncertainty
on αs(MZ0) and ᾱ0(µI). No error contribution from the infrared scale µI is assigned to
ᾱ0(µI).
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JADE collab., hep-ex/9903009

“In March 2022, the members of the JADE collaboration unanimously decided to release all 
JADE data and software to be publicly accessible as “open data” and maintained within the 
CERN open data initiative [104]. The implementation of JADE data, software and 
documentation into this environment is currently in progress.”

Bethke & Wagner, 2208.11076
cf. ongoing work by Verbytskyi @ MPI

https://arxiv.org/abs/hep-ex/9903009
https://arxiv.org/abs/2208.11076
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outliers and/or 
small errors

αs(mZ) = 0.1135 ± 0.0002exp ± 0.0005hadr ± 0.0009pert 1006.3080
1501.04111αs(mZ) = 0.1119 ± 0.0006exp+had ± 0.0013pert

Thrust:

C-parameter:

World average: αs(mZ) = 0.1179 ± 0.0009

NNLO + N3LL + 1/Q

https://arxiv.org/abs/1006.3080
https://arxiv.org/abs/1501.04111
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to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain

⇣(3/4) =
3
p
3

4
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Z
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2 cosh ⌘ � cos�
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p
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CF
(4E(1/4)� 3K(1/4)) . (18)

The functions K and E are the complete elliptic integrals
of the first and second kind

K(t) =

Z ⇡/2

0

d✓
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1� t sin2 ✓

��1/2
, (19a)

E(t) =

Z ⇡/2

0

d✓
�
1� t sin2 ✓

�1/2
. (19b)

The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).

critical assumption in those high-precision 
fits:  

the non-perturbative shift is independent 
of the value of the observable (valid when 

)C → 0

non-perturbative shift as fn of C

assumption
calculation 
(Webber hep-ph/9408222)

Turns out not be true
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to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain
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The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).

critical assumption in those high-precision 
fits:  

the non-perturbative shift is independent 
of the value of the observable (valid when 

)C → 0

non-perturbative shift as fn of C

assumption
calculation 
(Webber hep-ph/9408222)

calculation  
(Luisoni, Monni, GPS, 2012.00622)

Turns out not be true
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to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
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The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
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, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).
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Exp. Q (GeV) Fit range N. bins Ref.

ALEPH 91.2 0.27 < C < 0.69 22 [49]
ALEPH 133.0 0.20 < C < 0.675 6 [49]
ALEPH 161.0 0.16 < C < 0.675 7 [49]
ALEPH 172.0 0.16 < C < 0.675 7 [49]
ALEPH 183.0 0.16 < C < 0.675 7 [49]
ALEPH 189.0 0.16 < C < 0.675 7 [49]
ALEPH 200.0 0.125 < C < 0.675 8 [49]
ALEPH 206.0 0.125 < C < 0.675 8 [49]
JADE 44.0 0.61 < C < 0.68 2 [50]

Table 1. Data set considered for the simultaneous �2 fit of ↵s

and ↵0.

Ref. [5], but is largely su�cient for determining how the
↵s fit result depends on ⇣(C).

The theory predictions are obtained using 50 bins in
the 0  C  1 range, subsequently interpolated in order to
be evaluated in correspondence to the experimental data
bins. The fit is performed by minimising the �2 function
defined as
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where Vij is the covariance matrix that encodes the cor-
relation between the bins Ci and Cj . The general form of
the covariance matrix is Vij = Sij + Eij , where Sij =
��2

stat, i�ij is the diagonal matrix of the (uncorrelated)
statistical errors in the experimental di↵erential distribu-
tion, while Eij contains the experimental systematic co-
variances. The diagonal entries of Eii = ��2

syst,i are given
by the experimental systematic uncertainty on the i-th
bin. For the o↵-diagonal elements, which are not publicly
available, a common choice (used also in Refs. [4,5,18]) is
to consider a minimal-overlap model, which defines Eij as

Eij = min
�
��2

syst,i, ��
2

syst,j

�
. (23)

For ease of comparison, we adopt the same choice, though
we note that for the normalised distributions that we fit
here, the true covariance matrix would also include some
degree of anti-correlation. The �2 minimisation is carried
out with the TMinuit routine distributed with ROOT and
the whole analysis was implemented in the C++ code used
for a similar fit in Ref. [18]. Results with a diagonal co-
variance matrix, i.e. without any correlations, are given in
Appendix C. They yield almost identical central results
for ↵s and ↵0, smaller �2 values, and an increase in the
experimental errors of O(10%� 20%), which however re-
main small compared to theoretical uncertainties.

In order to estimate the theoretical uncertainties, we
perform the following variations:

• the renormalisation scale µR is randomly varied in the
range Q/2  µR  2Q, while the infrared scale µI is
set to 2 GeV;

Fig. 2. Fit results for ↵s and ↵0 for di↵erent models of ⇣(C).
The points indicate the fit corresponding to the central setup
of scales and parameters for a given model. The ellipses show
the ��2 = 1 contours associated with the experimental un-
certainty. The shaded areas represent the theory uncertainties
due to the variation of additional theoretical parameters as
described in the text.

• for µR = Q, the resummation scale fraction xC defined
in Appendix D (default value xC = 1/2) is randomly
varied by a factor 3/2 in either direction, namely in
the range 1/3  xC  3/4, following the prescription
of Ref. [9];

• for µR = Q and xC = 1/2, the Milan factor M is
randomly varied within 20% of its central value [41]
(M ' 1.49) to account for non-inclusive e↵ects in the
h�Ci shift (7) beyond O(↵2

s);
• keeping all of the above parameters at their central

values, the parameter p in the modified logarithm de-
fined in Eq. (41) of Appendix D (default value p = 6)
is replaced by p = 5 and p = 7. This choice for p is
discussed in Appendix D.

The theory error is defined as the envelope of all the above
variations. When we quote overall results below, we add
the theoretical and experimental errors in quadrature.

We test several models for ⇣(C) as given in Eq. (21)
and shown in Fig. 1. Specifically, we consider the constant
⇣0 choice, the ⇣a,n model for n = 1, 2, 3, the ⇣b,n model for
n = 1, 2, 3, and the ⇣c model (recall ⇣a,1 ⌘ ⇣b,1).

The results of the fits are given in Fig. 2 and Table 2.
Fig. 2 shows results for ↵s and ↵0: the points give the cen-
tral result for each ⇣(C) choice, while the corresponding
shaded areas represent the envelope of results obtained
varying scales and parameters in the theoretical calcula-
tion, i.e. our overall theoretical uncertainty. Each point
is accompanied by the ��2 = 1 ellipse, whose projec-
tion along each of the axes defines the 1� experimental
uncertainty. Table 2 provides the numerical values of the
central results and overall errors for each ⇣(C) choice, and
additionally includes the �2 result from the fit, Eq. (22),
divided by the number of degrees of freedom.
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fit results with different interpolationsnon-perturbative shift as fn of C



Spezialkolloquium zu Ehren der Emeritierung von Siggi Bethke, May 2023Gavin P. Salam 28

4 G. Luisoni, P. F. Monni, G. P. Salam: C-parameter hadronisation in the symmetric 3-jet limit and impact on ↵s fits

to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain

⇣(3/4) =
3
p
3

4

CA + 2CF

CF

Z 1

�1
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Z
2⇡

0

d�
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sin2 �

2 cosh ⌘ � cos�

=
3
p
3

4

CA + 2CF

CF
(4E(1/4)� 3K(1/4)) . (18)

The functions K and E are the complete elliptic integrals
of the first and second kind

K(t) =

Z ⇡/2

0

d✓
�
1� t sin2 ✓

��1/2
, (19a)

E(t) =

Z ⇡/2

0

d✓
�
1� t sin2 ✓

�1/2
. (19b)

The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).
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general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:
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The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).
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Fits with full (1st-order) non-perturbative correction

fits restricted to 3-jet 
region, NNLO + 1/Q 

fixed 1/Q:  

full 1/Q:  

“variations of our 
procedure can lead easily 
to differences of the order 

of a percent” 

αs = 0.1132

αs = 0.1182
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small di↵erences are not surprising since all the Monte Carlos we use are tuned to these

data. The choice of the fit range has an impact on the result of about one percent. This

confirms that the range chosen is such that the impact of the resummation is modest. The

choice of how to treat statistical correlations has also a similar impact, and confirms that

our minimal overlap approach provides a sensible description of the correlations. For y3,

the di↵erence between the two limiting cases (where soft emissions are always-clustered or

never-clustered) amounts also to about a one percent e↵ect on the full fit.

Finally, we note that if one fits ↵s and ↵0 from the three observables considered

separately, one tends to get a larger value of the strong coupling, but with very di↵erent

values of ↵0. Indeed, there is a tension in the fitted value of ↵0, where both thrust and C-

parameter prefer a lower value, while y3 prefers a higher one. When fitting all observables

at the same time, the overall e↵ect is that one finds an intermediate value for ↵0 and a

lower value of ↵s. The �2 of the fits remain excellent, which justifies a simultaneous fit.

The role of each variable in the common fit is illustrated in Fig. 5. As one can see, for C
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Figure 5: Contours at ��2 = 1 for fitting, C, ⌧ and y3 individually, and then in the

combinations C + ⌧ and C + ⌧ + y3.

and ⌧ , ↵0 and ↵S are strongly anti-correlated, and with a similar anti-correlation. On the

other hand, y3 has a ⇣ function that is small and of opposite sign, and thus ↵0 and ↵S

are only weakly correlated. The combined fit is then strongly constrained leading to an

intermediate value of ↵0 and a smaller value of ↵s.

Altogether, we conclude by remarking that our fit results agree very well with the

world average. In particular, we do not find low values of ↵s for the thrust or C-parameter

which are included in the current PDG average [57]. However, our results also clearly show

that a fit of ↵s from event shapes with an overall uncertainty below the percent level seems

today not feasible. In particular, by changing certain choices that we have made, like the

central renormalization scale or the mass scheme, one can easily obtain higher values of

↵S .

– 24 –

Nason & Zanderighi 2301.03607

resolves a long-standing tension

https://arxiv.org/abs/2301.03607
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Springer Nature 2021 LATEX template

CONTENTS 23

Fig. 10 3-jet event recorded at Ecm = 33 GeV, displayed as projection of hits in the central
Jet-chamber to the plane perpendicular to the beam axis (central cross), and in a perspective
view of the lead-glass counters. Those counters hit by particles are filled in black.

was predicted [24]. Gluon radiation in the context of QCD should lead - in
increasing order of the gluon’s hardness12 - to the widening of one of the quark-
jets, to a planar event configuration and, finally, to the emergence of a third
jet.

Indeed, such event configurations became visible right from the start of
data taking at PETRA, at c.m. energies around 30 GeV. Corresponding results
were presented, first by the TASSO and then by the MARK-J, PLUTO and
JADE experiments, at the European Physical Society (EPS) conference in
Geneva and the Lepton-Photon Symposium at Batavia in summer 1979 [58].
The gluon discovery publications of TASSO, MARK-J, PLUTO and JADE
were submitted to journals in summer 1979 [52, 53, 54, 55].

12“Hard” in this context means high gluon energy and large radiation angle w.r.t. the emitting
quark.

how do you project 
particles into “jets” in a 

way that makes sense 
experimentally &  in 
perturbative QCD?
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Sterman and Weinberg, 
Phys. Rev. Lett. 39, 1436 (1977):

Jet definitions dated back to the late 1970s

“cone” algorithms were favourite 
at hadron colliders until late 

2000’s, but very difficult to make 
infrared safe
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SISCone: first infrared/collinear safe cone algorithm [Soyez & GPS, 0704.0292]
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Algorithm 2 Procedure for establishing the list of all stable cones (protojets). For sim-
plicity, parts related to the special case of multiple cocircular points (see footnote 7) are
not shown. They are a straightforward generalisation of steps 6 to 13.
1: For any group of collinear particles, merge them into a single particle.
2: for particle i = 1 . . . N do
3: Find all particles j within a distance 2R of i. If there are no such particles, i forms

a stable cone of its own.
4: Otherwise for each j identify the two circles for which i and j lie on the circumference.

For each circle, compute the angle of its centre C relative to i, ζ = arctan ∆φiC

∆yiC
.

5: Sort the circles found in steps 3 and 4 into increasing angle ζ .
6: Take the first circle in this order, and call it the current circle. Calculate the total

momentum and checkxor for the cones that it defines. Consider all 4 permutations
of edge points being included or excluded. Call these the “current cones”.

7: repeat
8: for each of the 4 current cones do
9: If this cone has not yet been found, add it to the list of distinct cones.
10: If this cone has not yet been labelled as unstable, establish if the in/out status

of the edge particles (with respect to the cone momentum axis) is the same as
when defining the cone; if it is not, label the cone as unstable.

11: end for
12: Move to the next circle in order. It differs from the previous one either by a

particle entering the circle, or one leaving the circle. Calculate the momentum for
the new circle and corresponding new current cones by adding (or removing) the
momentum of the particle that has entered (left); the checkxor can be updated by
XORing with the label of that particle.

13: until all circles considered.
14: end for
15: for each of the cones not labelled as unstable do
16: Explicitly check its stability, and if it is stable, add it to the list of stable cones

(protojets).
17: end for

12

Algorithm 3 The disambiguated, scalar p̃t based formulation of a Tevatron Run-II type
split–merge procedure [6], with overlap threshold parameter f and transverse momentum
threshold pt,min. To ensure boost invariance and IR safety, for the ordering variable and the
overlap measure, it uses of p̃t,jet =

∑

i∈jet |pt,i|, i.e. a scalar sum of the particle transverse
momenta (as in a ‘pt’ recombination scheme).
1: repeat
2: Remove all protojets with pt < pt,min.
3: Identify the protojet (i) with the highest p̃t.
4: Among the remaining protojets identify the one (j) with highest p̃t that shares

particles (overlaps) with i.
5: if there is such an overlapping jet then
6: Determine the total p̃t,shared =

∑

k∈i&j |pt,k| of the particles shared between i and
j.

7: if p̃t,shared < fp̃t,j then
8: Each particle that is shared between the two protojets is assigned to the one to

whose axis it is closest. The protojet momenta are then recalculated.
9: else
10: Merge the two protojets into a single new protojet (added to the list of protojets,

while the two original ones are removed).
11: end if
12: If steps 7–11 produced a protojet that coincides with an existing one, maintain

the new protojet as distinct from the existing copy(ies).
13: else
14: Add i to the list of final jets, and remove it from the list of protojets.
15: end if
16: until no protojets are left.

3. After steps 7–11, the same protojet may appear more than once in the list of protojets.
For example a protojet may come once from a single original stable cone, and a second
time from the splitting of another original stable cone. The original statement of the
split–merge procedure [6] did not address this issue, and there is a resulting ambiguity
in how to proceed. One option (as is done for example in the seedless cone code of
[19]) is to retain only a single copy of any such identical protojets. This however
introduces a new source of infrared unsafety: an added soft particle might appear in
one copy of the protojet and not the other and the two protojets would then no longer
be identical and would not be reduced to a single protojet. This could (and does
occasionally, as evidenced in section 5.1) alter the subsequent split–merge sequence.
If one instead maintains multiple identical protojets as distinct entities (as is done in
the codes of [13, 18]), then the addition of a soft particle does not alter the number
of hard protojet entries in the protojet list and the split–merge part of the algorithm
remains infrared safe. We therefore choose this second option, and make it explicit
as step 12 of algorithm 3.

15

unappealingly complex

https://arxiv.org/abs/0704.0292
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Fig. 2. n-cluster event rates of the data and model calculations at 
E~,= 34 GeV, determined with the cluster algorithm described in 
the text, as a function of Ycut 

correspond to the measured value. For the LLA 
model the 3-cluster rate is too low, but the rate of 
reconstructed 4-cluster events agrees with the data. 

We checked that studies using different cluster 
algorithms or event classifications by topological 
variables like the sphericity-tensor [15] result in 
similar discrepancies between the data and the O(e 2) 
models. 

Figure2 shows the n-cluster event rates of the 
data and the models as a function of Your. The rates 
of the data are listed in Table 3. The rate of 4-cluster 
events predicted by the O(c~) model falls below the 
data especially at high values of Your, whereas the 
LLA QCD model describes the data remarkably 
well. 

At low your-values, the reconstruction of clusters 
is dominated by fluctuations in the fragmentation 
process. At higher values of y~u~, the contribution of 
these fluctuations decreases. For instance, for the 

Table 3. n-cluster event rates of the data a t  Ecru = 34 GeV obtained 
with the cluster-algorithm described in the text (number in %) 

yeut 2-cluster  3-cluster 4-cluster 5-cluster 

0.015 22.3__+0.4 50.2+0.4 23.3 +0.4 3.88__+0.18 
0.020 31.4_+0.4 51.3+0.4 15.9 +0.4 1.37_+0.16 
0.030 45.6_+0.4 46.7-+0.4 7.47___0.24 0.21___0.12 
0.040 56.1_+0.4 40.2_+0.4 3.75_+0.16 - 
0.050 63.4_+0.4 34.6+0.4 2.02-+0.16 - 
0.060 69.0-+0.4 29.8+0.4 1.14-+0.10 - 
0.070 74.1 -t-0.4 25.3 _+0.4 0.57 +__0.07 - 
0.080 77.7_+0.4 22.0_+0.4 0.31 _+0.05 - 

O(e if) model the background of 2- and 3-parton 
events to the reconstructed 4-cluster events amounts 
to 66%, 42% and 25% at ycut=0.02, 0.04 and 0.06, 
respectively*. The small 4-cluster rate at high Ycut 
values, where the influence of 4-patton events is 
predominant, therefore does not seem to be caused 
by the treatment of the fragmentation, but indicates 
a deficiency of the 2 na order QCD predictions. 

Because of this deficiency, analyses which mea- 
sure the strong coupling constant with no distinction 
between 3- and 4-jet events, will typically overes- 
timate c~,, i.e. the production of 3-jet events in the 
model, in order to cancel partly the effects of miss- 
ing 4-patton events. This is the reason why in Fig. 2 
the 3-cluster rate of the O(c~) model, with cq de- 
termined from the energy-correlation asymmetry [-6], 
is systematically above the data and matches the 
data only at high values of Yeut, where most of the 
generated 4-parton events are reconstructed as 3- 
cluster events and are not resolved separately any 
longer. As a consequence of the increased number of 
3-cluster events in this model, the 4-cluster rate 
matches the data only at small Your-values, where 3- 
jet events, due to the dominant effects of fragmen- 
tation in this regime, have a high probability of 
being reconstructed as 4-cluster events. 

These effects are seen directly if one determines 
c~ from the rate of 3-cluster events at Ycut values, 
where 3-cluster events are largely decoupled from 
the production of 4-cluster events. Thus the 3-cluster 
rate at Your = 0.04 leads to e, = 0.152 _ 0.004, which is 
about 10% less than the value** of 0.165_+0.01 ob- 
tained previously in an analysis of the energy cor- 
relations [6]. Note that the rate of 4-cluster events 
decreases for smaller values of e, thus increasing 
further the discrepancy between the data and the 
0(c% z) model. 

Using the 2 "d order QCD matrix elements of 
Gottschalk and Shatz [12, 13] together with the 
Lund fragmentation model, we obtain the value*** 
%=0.134+0.003 from the 3-cluster event rate at Yeut 
=0.04. With this value of es, the model predicts a 
yet smaller rate of 4-cluster events than the model 
with the GKS matrix elements, and consequently 
also does not provide a satisfactory description of 
the data. 

The LLA model, although it correctly describes 
the experimental rate of 4-cluster events, underes- 
timates the 3-cluster rate and overestimates the rate 

* About 2/3 of this background is caused by c- and b-quark 
events 
** The errors given are statistical only 

*** A 10% decrease of c%, compared to the value obtained using 
the GKS matrix elements, was expected by Gottschalk and Shatz 
[12] due to the approximations made by GKS 
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fragmentation of quarks and gluons into hadrons. At 
the higher energies we observe more spherical and 4- 
jet like events than predicted by these calculations. 
We cannot achieve a simultaneous description of the 
observed 3- and 4-jet production by adjusting the 
strong coupling constant c~ s or the fragmentation 
parameters of the 2 "d order QCD models. The ob- 
served excess of spherical events can partially be 
explained by the production of multi-parton events 
expected from higher order QCD contributions. 
Consequences of the presented results for the value 
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Q C D  calculations in 2 nd order  per turbat ion theory 
have been carried out  for massless par tons  only. 

The second model  to which we compare  our  
data is the Q C D  shower model  of Webber  and Mar-  
chesini [14], based on the leading log approximat ion  
to Q C D  including soft gluon interference, which we 
will refer to as " L L A  model"**.  Q C D  shower mod-  
els provide an alternative way of describing par tonic  
final states, taking into account  the leading logarith- 
mic terms of all orders in per turbat ion theory. Such 
models permit the description of multiple gluon ra- 
diat ion in terms of a cascade-like process, but  are 
found to underest imate the experimental rate of  3-jet 
like events. 

All generated Monte  Carlo events include the 
effects of pho ton  initial state radiation. They are 
t racked through the J A D E  detector by a computer  
simulation p rogram and undergo the same selection 
procedure  as is applied to the data. 

Cluster-Multiplicities 

Hadronic  events with multi-jet structures are visible 
at P E T R A  energies above 30 GeV. As an example, 
in Fig. I we show the energy flow of  a hadronic  
event containing four separated jets of particles, 
measured with the J A D E  detector at the highest 
P E T R A  energy of 46.7 GeV. 

By interpreting such events in terms of  their 
underlying par ton structure, it is possible to test the 
predictions of perturbative QCD.  However,  the frag- 
menta t ion of par tons into visible particles, which 

C (  rr 

u 

Fig. 1. Energy flow in the q~- cos O-plane of an event measured 
with the JADE detector at 46.7 GeV c.m. energy, q~ is the angle in 
the plane perpendicular to the beamline and O is the angle with 
respect to the beamline. The highest bin corresponds to an energy 
of 6 GeV 

** We optimized the parameters of this model requiring a good 
description of the measured multiplicity and momentum distri- 
butions of the charged particles. In particular, we use the QCD 
scale parameter A = 300 MeV, the shower cutoff and virtual gluon 
mass Qg=700 MeV and a maximum cluster-mass of 3.5 GeV for 
the 2-body decay into hadrons 

cannot  be calculated theoretically, obscures the orig- 
inal par ton  structure of  the events. Algori thms are 
therefore required to define and to reconstruct  jets 
in the experimental data. 

There are many  different types of  such algo- 
rithms. After detailed studies in the model  calcu- 
lations we use the following cluster a lgori thm in 
order to achieve the closest resemblance between 
cluster- and parton-multiplicit ies:  

For  all pairs of particles k and 1 of an event, the 
2 2 scaled invariant  mass squared ykl= MkjEvi S is calcu- 

lated, where Evi S is the total visible energy of an 
event*. The two particles with the smallest value of 
Ykt are replaced by a pseudopart icle or "cluster"  of 
fou r -momen tum (Pk+P~). This procedure  is repeated 
until all Ykt exceed a certain threshold value Ycm, 
and the resulting number  of clusters is called the 
cluster- or the jet-multiplicity of  the event. Calculat- 
ing the invariant pair-masses Mk~ we use the ex- 
pression 

M 2, = 2. E k  9 E,. (1 - cos Ok, ). (2) 

This choice of  Mkl provides the closest agreement  
between cluster- and parton-multiplicit ies at com- 
parable values of  Yc,t (the experimental cutoff in the 
cluster algorithm) and Ymi. (the Q C D  cutoff  parame-  
ter for the massless par tons  in the O(e~) model). 

In Table 2 the resulting rates of  n-cluster events 
(n = 2, 3, 4) are given for data  and model  calculations 
at Ecru = 34 GeV with Y~m =0.040, which corresponds 
to a min imum invariant  pairmass of  6.8 GeV/c  z and 
is a reasonable choice for the definition of jets. At 
this value of Yr the rates of 5-cluster events are 
less than 0.1% and are not  given separately, but  are 
added to the number  of 4-cluster events. The O(e 2) 
model,  with the ~ value opt imized to the data  in an 
analysis of the energy-energy correlations [6], pro- 
duces too many  3-cluster events and too few 4- 
cluster events; also the 2-cluster rate is too  low. In 
particular, the ratio of 4- to 3-cluster events does not  

Table 2. n-cluster event rates obtained with the described cluster- 
algorithm at Yout= 0.040 (numbers in %) and the ratios of 4- to 3- 
cluster event rates (Ecru= 34 GeV) 

Data O(c 0 model LLA model 

2-cluster 56.1 +0.4 53.2 -+0.3 58.5 -+0.4 
3-cluster 40.2 -+ 0.4 44.0 -+ 0.3 37.8 _+ 0.4 
4-cluster 3.75 -+0.16 2.85 -+0.12 3.69 +_0.15 

4-cluster 0.093 -+ 0.004 0.065 -+ 0.003 0.098 -+ 0.004 
3-cluster 

* Charged particles are assumed to be pions and neutrals to be 
photons 
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fragmentation of quarks and gluons into hadrons. At 
the higher energies we observe more spherical and 4- 
jet like events than predicted by these calculations. 
We cannot achieve a simultaneous description of the 
observed 3- and 4-jet production by adjusting the 
strong coupling constant c~ s or the fragmentation 
parameters of the 2 "d order QCD models. The ob- 
served excess of spherical events can partially be 
explained by the production of multi-parton events 
expected from higher order QCD contributions. 
Consequences of the presented results for the value 
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Table 2 
n-jet event rates of the data at different centre of mass energies obtained with the jet finding algorithm, for different values of You, 
(number in % of the total hadronic cross section). 

Y~u, Rate Ecu (GeV) 

22 30 34.6 38 44 

0.03 R2 33.7 _+ 1.2 40.2 _+ 1.7 45.6 _+0.5 46.0 _+ 1.1 49.6 +0.6 
R3 52.5 + 1.2 50.5 -+ 1.7 46.7 _+0.5 46,3 _+ 1.1 44.6 _+0.6 
R 4 12.9 _+0.8 9.0 _+1.0 7.5 _+0.2 7.4 -+0.6 5.7 -+0.3 
R5 1.0 _+0.2 0.24_+0.17 0.21 - + 0 . 0 4  0 . 2 9 _ + 0 . 1 2  0.09_+0.04 

0.04 R2 43.6 _+ 1.2 50.8 _+ 1.7 56.1 _+ 0.4 56,4 _+ 1.1 58.7 +0.6 
R 3 49.7 _+ 1.2 44.8 _+ 1.7 40.2 _+0.4 40,1 _+ 1.1 38.5 _+0.6 
R 4 6.60 _+ 0.62 4.39 _+ 0.70 3.75 _+ 0.17 3,58 _+ 0.41 2.80_+ 0.20 

0 . 0 5  R 2 52.6 _+ 1.2 61.1 _+ 1.7 63.4 _+0.4 63.5 _+ 1.1 65.7 _+0.6 
R3 43.9 -+ 1.2 36.8 _+ 1.7 34.6 _+0.4 34.7 _+ 1.1 32.6 _+0.6 
R4 3.54_+0.46 42.1 +0.45 2 . 0 2 _ + 0 . 1 3  1.74_+0.29 1.61 _+0.16 

0.06 R2 61.4 _+ 1.2 66.8 _+ 1.6 69.0 _+0.4 68.4 _+ 1.0 71.4 _+0.6 
R3 37.0 _+ 1.2 32.0 _+ 1.6 29.8 _+0.4 30.7 _+ 1.0 27.8 _+0.6 
R4 1.50_+0.30 1 . 1 9 _ + 0 . 3 8  1 . 1 4 _ + 0 . 1 0  0 . 9 2 _ + 0 . 2 1  0.83_+0.11 

0.08 R2 72.5 _+ 1.2 76.9 _+ 1.5 77.7 _+0.4 77.0 _+0.9 79.8 _+0.5 
R3 27.1 +1.2 23.1 -+1.5 22.0 _+0.4 22.7 _+0.9 20.1 _+0.5 
R 4 0.42_+0.16 0.36_+0.21 0.31 _+0 .05  0 . 2 9 _ + 0 . 1 1  0.14_+0.05 

0.10 R2 80.6 _+ 1.0 83.9 _+ 1.3 84.6 _+0.3 83.0 _+0.9 85.2 _+0.4 
R3 19.4 _+ 1.0 16.1 _+ 1.3 15.4 _+0.3 17,0 _+0.9 14.8 _+0.4 

0.12 R_, 87.0 _+0.9 88.5 _+1.I 88.8 _+0.3 87.7 _+0.7 89.6 _+0.4 
R3 13.0 -+0.9 11.5 _+1.1 11.2 _+0.3 12.3 _+0.7 10.4 _+0.4 

0.14 R2 90.6 _+0.7 91.3 -+0.9 92.0 _+0.2 90.3 _+0.7 92.5 _+0.3 
R3 9.4 _+0.7 8.7 _+0.9 8.0 _+0.2 9.7 _+0.7 7.5 _+0.3 

R 3 [% ]  

~O 

5O 
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Fig. 2. Three-jet event rates at different centre of mass energies 
for various values ofyco,, together with the direct predictions of 
the complete second-order perturbative QCD calculations of 
Gottschalk and Shatz (GS) and of Kramer and Lampe (KL). 

Th is  effect  can  be e x p l a i n e d  by  the  ear l ier  obse rva -  
t i on  [ 8, 9,17 ] t ha t  O ( a  2 ) ca lcu la t ions  u n d e r e s t i m a t e  
the  p r o d u c t i o n  ra te  o f  four- je t  events .  In  th is  paper ,  
A ~  has b e e n  ad ju s t ed  at You, >t 0.06, w h e r e  a lmos t  no  
four- je t  even t s  are  r e so lved  separa te ly ,  so tha t ,  by  the  
n o r m a l i z a t i o n  ERn---100%, at lower  va lues  o f  Yc,, 
d i s c r epan c i e s  in R4 also affect  the  d e s c r i p t i o n  o f  R3. 
I f  the  s u m  o f  th ree-  a n d  four- je t  p r o d u c t i o n  ra tes  is 
ana lysed  in s t ead  o f  R3, t heo ry  p r o v i d e s  a good  de-  
s c r ip t ion  o f  the  da ta  also for  Ycut = 0.04. 

Table 3 
O(o~) QCD factors C, and C2 (see eq. (2)), from Kramer and 
Lampe [ 15 ]. 

Ymm Cu C2 

0.04 2.266 6.390 
0.06 1.516 4.675 
0.08 1.074 3.384 
0.10 0.783 2.456 
0.12 0.578 1.785 
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The energy dependence of the relative production rate of three-jet events is studied in hadronic e+e - annihilation events at 
centre of mass energies between 22 and 46.7 GeV. Three-jet events are defined by a jet finding algorithm which is closely related 
to the definition of resolvable jets used in O (ot~) perturbative QCD calculations, where the relative production rate of three-jet 
events is roughly proportional to the size of the strong coupling strength. The production rates of three-jet events in the data 
decrease significantly with increasing centre of mass energy. The experimental rates, which are independent of fragmentation 
model calculations, can be directly compared to theoretically calculated jet production rates and are in good agreement with the 
QCD expectations of a running coupling strength. The hypothesis of an energy independent coupling constant can be excluded 
with a significance of four standard deviations. 
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Q u a n t u m  C h r o m o d y n a m i c s  ( Q C D )  is the  renor -  
ma l i zab le  gauge theory  o f  the s t rong i n t e r ac t i on  be- 
tween  qua rks  a n d  gluons  [1 ] .  The  theory  is 
a s y m p t o t i c a l l y  free, i.e. a t  smal l  d i s t ances  or  at  high 
m o m e n t u m  t ransfers  the coup l ing  s t rength  decreases  
and  the quarks  and  gluons  are quas i - f ree  [2 ] .  
A s y m p t o t i c  f r e e d o m  is a charac te r i s t i c  p r o p e r t y  o f  
n o n - a b e l i a n  gauge theor ies  which  inc lude ,  as for  
g luons  in the case o f  Q C D ,  the se l f -coupl ing  o f  the  
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Q u a n t u m  C h r o m o d y n a m i c s  ( Q C D )  is the  renor -  
ma l i zab le  gauge theory  o f  the s t rong i n t e r ac t i on  be- 
tween  qua rks  a n d  gluons  [1 ] .  The  theory  is 
a s y m p t o t i c a l l y  free, i.e. a t  smal l  d i s t ances  or  at  high 
m o m e n t u m  t ransfers  the coup l ing  s t rength  decreases  
and  the quarks  and  gluons  are quas i - f ree  [2 ] .  
A s y m p t o t i c  f r e e d o m  is a charac te r i s t i c  p r o p e r t y  o f  
n o n - a b e l i a n  gauge theor ies  which  inc lude ,  as for  
g luons  in the case o f  Q C D ,  the se l f -coupl ing  o f  the  
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singular parts of  the matr ix  element are integrated. 
We find it surprising that  there is any ambigui ty  at 

all. The JADE algori thm is entirely well defined, in 
that  any given final state at O ( a  2 ) is unambiguously  
ascribed to ei ther f2, f3 or f4. The different ways in 
which phase space is t reated for f ~r and f ~L, arises 
from the technical requirements  of  the calculation. 
Second, the term propor t ional  to CFNc i n f ~  L' is en- 
t irely unexpected as such a colour factor does not 
usually contr ibute at leading logarithm, and would 
presumably spoil any proposed summat ion  of  these 
logarithms. 

The difference between these results and ours lies, 
we believe, in an incomplete  appl icat ion of  the algo- 
r i thm f o r f ~  L a n d f ~  L'. There, if  a gluon was unre- 
solved from the quark or ant iquark,  their  momen ta  
were combined  to form a pseudo- three-body final 
state. However,  according to the algori thm, the cor- 
rect thing to do is to form a / / t h e  invar iant  masses 
and combine the pair  with the lowest. The only place 
where this would differ from the KL approach is in 
the calculation where two unresolved gluons coalesce 
and the resulting two gluon je t  is resolved from the 
quark and antiquark. According to KL, the two gluons 
would be combined  with the quark and ant iquark re- 
spectively and the configurat ion would be called two 
jet. I f  we did the same we would find that our f2 was 
identical  t o f ~  L. To compare  with experiment ,  how- 
ever, we must  use the experimental  algori thm which 
does not dist inguish whether a par t icular  par ton is a 
gluon or a quark. The configurat ion we have just  de- 
scribed is then unambiguously a three-jet one. 

It was, however, conjectured by Smilga [8 ] that the 
two-jet fraction would exponentiate:  

--exo(- (37)  

This is contradic ted by our result for f2. We do not 
see any compell ing reason why f2 should exponen- 
tiate. Usually the fact that such a series is exponent ial  
can be t raced to the fact that  when the gluons are suf- 
ficiently soft one can treat  them as independent  of  
each other. In the JADE algorithm, however, we have 
seen that it is possible for two unresolved soft gluons 
to coalesce, resulting in a three-jet configuration, and 
it is not therefore possible to treat  the gluons inde- 
pendent ly  in this case. 

Final ly we return to our original goal, which was to 
calculate the leading logari thmic contr ibut ion to all 
orders  so that  the large logari thms can be summed  
and theory and exper iment  can be compared  at 
smaller  values of  y. By an extension of  the methods  
out l ined in this paper,  it is possible - at least in prin-  
ciple - to calculate the leading contr ibut ion to fn at 
O(oL~ -2 ), e.g. for n=5, 6: 

3 

f s =  ~ , T J  m y ~ , 

1 {CFO~s'~4,8(51~O) f 6 =  ~ - )  ,n y . (38)  

Unfor tunate ly  there is no clear pat tern  in the coeffi- 
cients. Other  je t  fractions, however, seem intracta-  
ble. The reason is that  with more gluons we have to 
compare  different g luon-gluon invar iant  masses in 
order  to apply the algorithm. For  example,  at O (c~ 2 ) 
the s i tuat ion where two unresolved gluons coalesce 
to form a resolved gluon-gluon combinat ion  de- 
manded  that (kl + k2) 2 be the smallest invariant  mass. 
At O(o~ 3) and higher we would have to compare  
(kl + k2)2 with other g luon-gluon invar iant  masses, 
a problem which does not seem to have any simple 
t rea tment  in our formalism. 

The fact that  the large logari thmic contr ibut ions  to 
the jet  fractions at small y do not appear  to be under  
control  suggests that some caution should be excer- 
cised in using the data  at small y as part  of  a fit to 
measure AMS. Unti l  we unders tand how to resum 
these large logarithms, the safest approach is to re- 
strict the comparison to larger values of  y, even though 
this means a significant loss in statistical precision on 
the measurement  of  A. 
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(p2+kl+k2)2=(kl-.I-k2)2+oll+a2<y. (30 cont'd) 

Thus if the gluons are combined together, this two- 
gluon combination is resolved from the quark and 
antiquark giving us a three-jet configuration. 

The situation is slightly more complex in that the 
experimental algorithm is to take all possible pairs of  
particles and to combine those with the lowest mass 
less than ys. Thus in order to have a three-jet config- 
uration we must combine the gluons first, i.e. 

(kl +k2)2 < min{al ,f12} (31) 

or else one gluon will be combined with the quark, 
the other with the antiquark, and the configuration is 
two jet. 

If  we demand that o~2, fll > 2y then o~2fll > 4y 2. But 
we know o~lflE<y 2. Thus we would have (k l+k2)  2 
>y2. Again the neglected region y <  c~, f12> 2y does 
not contribute to leading logarithm. Thus if (k~ + k2 )2 
is to be smaller than oqfl2 we must necessarily have 
y>~l,fl2> y 2. 

Now either c~l >//2 orfl2> c~1. These two situations 
are symmetric, so by relabelling the variables we can 
write the integral over this region as 

v o~1 l 1 2~z 
2 I dOl~l f aft2 f d o L 2 f ~  1 ~ d~12 

: al  a ~ - 2  J a2 "2n " (32) V 2 V 2 y V 0 
If  0¢2//1 < f12( 1 -x /%)  2, then in the usual way 

( k l + k 2 ) 2 < l  ~x/~2~+ ~x//~j~zl2<//2<c~l, (33) 

and we have a three-jet contribution. Note that the 
lower limit for f12 is y2, giving us the constraint OL2fl l 
>y2. In order to maintain consistency of the limits, 
we can change the lower limit on//2 to y2/ (  1 - x/%) 2. 
This has no effect on the leading logarithm. If, how- 
ever, we demand that a2//l >//2( 1 +,v/y) 2 then 

(kl +k2)2> I ~/~2fll - ~N/~lfl212 > f12 (34) 

and we have a two-jet contribution. The intermedi- 
ate region//2 ( 1 - , ~ )  2 < c~2//1 <//2 ( 1 + v/y) 2 does not 
contribute to leading logarithm. Thus the condition 
c~2fll <//2 defines a region which contributes the same, 
at leading logarithm, to the three-jet fraction as the 
proper three-jet region. This allows us to perform the 
angular integration trivially. 

Since //1<//2/OL2, but also //I>Y, we must have 
f12/o~2 > Y ~  % <//2/Y, and the integral becomes 

y OLI fl2/y fl2/oQ 
2fd°~l ! d f l 2 y z  o~- ~ f dO/zy o~- f : l l n 4 y ' y  (35) 

The other configuration, where ¢<~2, fl~<Y and 
Y< f12, al  < 1 similarly contributes ~ ln4y to the three- 
jet fraction. The whole region where both of the gluons 
are unresolved with one or other of  the quark or an- 
tiquark contributes ln4y, leaving us with a contribu- 
tion of~ ln4y for the two-jet fraction. The imposition 
of the gluon-gluon invariant mass cut has reduced 
the coefficient I in eq. (20) from 1 to 3. This reduc- 
tion in the four-jet rate was also noticed in ref. [ 6 ] in 
the context of Sterman-Weinberg cuts. Putting this 
all together and replacing the colour factors and cou- 
pling constants we obtain 

1 ( C F C ~  2 ( 3 )  A = T., \ ~ - ]  ln"y , 

f3= CFOq lnZy+ 1 (CFas~ 2 ( 1 9 )  
T 2 . 1 \ T j  ln4y - ~  ' 

2 
ZC 2.1 ln4y . (36) 

Note that f4 can be explicitly checked by integrating 
the appropriate four-parton matrix element over the 
region of phase space where all partons are resolved 
from each other. Numerical results agree with the 
calculation above. 

5. Discussion 

The first thing to notice is that these jet fractions 
disagree with the full calculation of Kramer and 
Lampe (KL).  In ref. [7] analytic results are only 
given for the two jet fractionf2. In fact two separate 
results for the leading logarithmic dependence off2 
are given, the difference arising from two distinct 
treatments of the phase space: 

where Arc= 3, the number ofcolours. The first result 
f 2 KL is closer in spirit to ours, in that only the most 

661 

[carrying out the explicit calculation] we obtain first step  
could be to cluster 

opposite-going particles
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JADE algorithm descendants: modify pairwise distance
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1985 1990 1995 2000 2005 2005 2010 2015 2020

JADE

Durham kt-algorithm:  
Catani, Dokshitzer, Olsson, Turnock, Webber

dij = min(E2
i , E2

j )(1 − cos θij)

dij = EiEj(1 − cos θij)
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Durham-kt algorithm: widely used at LEP,  good performance for FCCee
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• too small a limit on d34 leads 
to enhanced background


• too large a limit cuts out 
large fraction of signal


• One can scan over d34 cut 
to optimise 


• A modern analysis might 
use the event-by event d34 
value as a ML input 
(or full jet momenta)

S/ S + B

illustration of impact of d34 cut
FCC e+e– → HZ → bbjj analysis

Cacciari, GPS  
& Soyez 2022

https://indico.cern.ch/event/1173562/
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JADE algorithm descendants: modify pairwise distance
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1985 1990 1995 2000 2005 2005 2010 2015 2020

Durham kt-algorithm:  
Catani, Dokshitzer, Olsson, Turnock, Webber

dij = min(E2
i , E2

j )(1 − cos θij)

JADE
dij = EiEj(1 − cos θij)

Cambridge-algorithm:  
Dokshitzer, Leder, Moretti, Webber; simplified by Wobisch & Wengler

vij = (1 − cos θij)
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Cambridge/Aachen algorithm: best for substructure
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https://cms.cern/news/fractal-tree-quarks-and-gluons

based on “Lund plane” concept for declustering and analysing the C/A sequence 
Dreyer, GPS & Soyez, 1807.04758

https://arxiv.org/abs/1807.04758
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Cambridge/Aachen algorithm: best for substructure

41

https://cms.cern/news/fractal-tree-quarks-and-gluons

based on “Lund plane” concept, 
Dreyer, GPS & Soyez, 1807.04758

measurements also by ALICE and ATLAS

https://arxiv.org/abs/1807.04758
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JADE algorithm descendants: modify pairwise distance
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1985 1990 1995 2000 2005 2005 2010 2015 2020

Cambridge-algorithm:  
Dokshitzer, Leder, Moretti, Webber; simplified by Wobisch & Wengler

vij = (1 − cos θij)

anti-kt algorithm:  
Cacciari, Soyez, GPS

dij = (1 − cos θij)/ max(E2
i , E2

j )

Durham kt-algorithm:  
Catani, Dokshitzer, Olsson, Turnock, Webber

dij = min(E2
i , E2

j )(1 − cos θij)

JADE
dij = EiEj(1 − cos θij)
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anti-kt algorithm: circular jets made it default LHC choice

43Figure 1: A sample parton-level event (generated with Herwig [8]), together with many random soft
“ghosts”, clustered with four different jets algorithms, illustrating the “active” catchment areas of
the resulting hard jets. For kt and Cam/Aachen the detailed shapes are in part determined by the
specific set of ghosts used, and change when the ghosts are modified.

the jets roughly midway between them. Anti-kt instead generates a circular hard jet, which clips a
lens-shaped region out of the soft one, leaving behind a crescent.

The above properties of the anti-kt algorithm translate into concrete results for various quanti-
tative properties of jets, as we outline below.

2.2 Area-related properties

The most concrete context in which to quantitatively discuss the properties of jet boundaries for
different algorithms is in the calculation of jet areas.

Two definitions were given for jet areas in [4]: the passive area (a) which measures a jet’s
susceptibility to point-like radiation, and the active area (A) which measures its susceptibility to
diffuse radiation. The simplest place to observe the impact of soft resilience is in the passive area for
a jet consisting of a hard particle p1 and a soft one p2, separated by a y − φ distance ∆12. In usual
IRC safe jet algorithms (JA), the passive area aJA,R(∆12) is πR2 when ∆12 = 0, but changes when
∆12 is increased. In contrast, since the boundaries of anti-kt jets are unaffected by soft radiation,
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JADE algorithm descendants: modify pairwise distance
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1985 1990 1995 2000 2005 2005 2010 2015 2020

anti-kt algorithm:  
Cacciari, Soyez, GPS

dij = (1 − cos θij)/ max(E2
i , E2

j )

jet flavour algorithms 

Cambridge-algorithm:  
Dokshitzer, Leder, Moretti, Webber; simplified by Wobisch & Wengler

vij = (1 − cos θij)

Durham kt-algorithm:  
Catani, Dokshitzer, Olsson, Turnock, Webber

dij = min(E2
i , E2

j )(1 − cos θij)

JADE
dij = EiEj(1 − cos θij)
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jet flavour algorithms: one of today’s frontiers in jet finding
➤ can you make the “flavour” infrared and collinear safe (e.g. is it a quark-jet or a gluon-jet) 

& keep other good properties of standard jet algorithms 

➤ early work: Banfi, GPS & Zanderighi, hep-ph/0601139 

➤ Recent work:  

➤ Caletti, Larkoski, Marzani, Reichelt, 2205.01109 & 2205.01117 

➤ Czakon, Mitov, Poncelet, 2205.11879 

➤ Gauld, Huss, Stagnitto, 2208.11138 

➤ Caola, Grabarczyk, Hutt, GPS & Scyboz, Thaler, to appear soon 

➤ common theme: “undesirable” JADE property of clustering particles going in 
opposite directions turns out to be essential for flavoured pairs in order to make 
flavour IRC safe.

45

https://arxiv.org/abs/hep-ph/0601139
https://arxiv.org/abs/2205.01109
https://arxiv.org/abs/2205.01117
https://arxiv.org/abs/2205.11879
https://arxiv.org/abs/2208.11138
https://moriond.in2p3.fr/QCD/2023/ThursdayAfternoon/Scyboz.pdf


conclusions
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Concluding remarks
➤ Siggi’s efforts & ideas pervade particle physics 

➤ Value of data preservation 

➤ Simplicity of pairwise clustering in jet physics 

➤ Care in bringing together different elements in the field as with strong-coupling 
world averages 

➤ We should look forward to his wisdom continuing to advance the field!
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