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Success of the SM [de Florian @ EPS-HEP 2023]
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particle physics

“big unanswered questions”  
about fundamental particles & their interactions 

(dark matter, matter-antimatter asymmetry,  
nature of dark energy, hierarchy of scales…) 

v. 

“big answerable questions” 
and how we go about answering them 

(nature of Higgs interactions, validity of SM up to higher scales, 
lepton flavour universality, pattern of neutrino mixing, …)
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The Lagrangian and Higgs interactions: two out of three qualitatively new!
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ℒSM = ⋯ + |Dμϕ |2 + ψi yij ψj ϕ − V(ϕ)

Gauge interactions, structurally 
like those in QED, QCD, EW, 

studied for many decades  
(but now with a scalar)

Yukawa interactions.  
Responsible for fermion 

masses, and induces “fifth 
force” between fermions. 

Direct study started only 
in 2018!

Higgs potential → 
self-interaction 

Holds the SM 
together.  

Unobserved
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Higgs potential
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Higgs mechanism 
gives mass to 

particles because 
Higgs field φ is  

non-zero 

& that’s because the 
minimum of the SM 

potential is at  
non-zero φ

V = − μ2 |ϕ |2 + λ |ϕ |4 + V0
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Higgs potential
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depth is   ( , ) 

a fairly innocuous sounding 

m2
Hv2

8
mH ≃ 125 GeV v ≃ 246 GeV

(104 GeV)4



Precision QCD@LHC – NNPDF meeting, September 2023Gavin Salam

Higgs potential – remember: it’s an energy density
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Corresponds to an energy density of 
 

i.e. 10 billion times nuclear density 

Mass density of 

1.5 × 1010 GeV/fm3

2.6 × 1028 kg/m3
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What does 2.6×1028 kg/m3 mean?
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By KMJ, C
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What does 2.6×1028 kg/m3 mean?

fit the mass of the sun into a standard 40ft shipping container
8
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Higgs potential — huge energy densities — yet to be experimentaly confirmed
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The LHC is increasingly a precision machine, even for Higgs physics
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the master formula

11

σ = ∑
i,j

∫ dx1dx2 fi/p(x1) fj/p(x2) ̂σ(x1x2s) × [1 + 𝒪(Λ/M)p]
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the hard process
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σ = ∑
i,j

∫ dx1dx2 fi/p(x1) fj/p(x2) ̂σ(x1x2s) × [1 + 𝒪(Λ/M)p]
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Standard Model and Higgs Theory                                               Daniel de Florian 15

The N3LO revolution

from L. Cieri

DY-like (no color in final state)
2 → 1

Standard Model and Higgs Theory                                               Daniel de Florian 16

W transverse mass and charge asymmetry @N3LO
Chen, Gehrmann, Glover, Huss, Yang, Zhu (2022)

‣ flat for rapidity distribution, about -2.5%

‣ overlap between NNLO and N3LO

Charge asymmetry relevant for pdfs

‣Transverse mass relevant for MW

‣ Finally convergence : NNLO to N3LO
   <1.5%

‣Distortions in shape only far from peak

qT subtraction

Standard Model and Higgs Theory                                               Daniel de Florian 17

N3LO for processes with “2 final state particles”?

Caola, Chakraborty, Gambuti, 
von Manteuffel, Tancredi (2022)

pp → jj3 loop amplitudes for    

‣ first step towards N3LO for dijet production (all 3 loop available)

‣ performing N3LO subtraction for process “beyond DY-like” difficult

‣ perhaps  might be the first candidate for N3LO implementationpp → γγ
Bargiela, Caola, von Manteuffel, Tancredi (2022)
Caola, von Manteuffel, Tancredi (2020)

• 3 loop amplitudes available    

‣ Beware! violation of strict collinear factorization at N3LO (IS/SL)
Catani, D.deF, Rodrigo (2012)

NNLO hadron-collider calculations v. time
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Wj, Boughezal, et al.

WH diff, ZH diff, Campbell et al..!!, Campbell et al..
WZ Grazzini et al..

WW Grazzini et al..
MCFM at NNLO  Boughezal et al..

pT_Z, Gehrmann-De Ridder, et al.
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

2010

2012

2014

2016

2018

2008
20062004

2002

1990

ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al

!j-! Gehrmann et. al

2019

Nested SC Melnikov et. al

tt Catani  et. al

!!!, M. Czakon et. al

2020
2021

ttH Catani  et. al

bb Catani  et. al

!!j, Chawdhry,M. Czakon et. al

Single-t Campbell et. al 

W+c-jet, M. Czakon et. al

B-hadron ,M. Czakon et. al

~10 yrs

~10 yrs
2022

3j M. Czakon et. al

~3j Chen et. al

2023
jj!, Badger et. al

Standard Model and Higgs Theory                                               Daniel de Florian 11

The NNLO revolution standard

from L. Cieri

2 → 1 2 → 2

2 → 3

Wtt, Buonocore et. al

1 extra particle (/loop)
every 10 years

[de Florian @ EPS-HEP 2023]

https://indico.desy.de//event/34916/contributions/142209/
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[de Florian @ EPS-HEP 2023]

Standard Model and Higgs Theory                                               Daniel de Florian 19

N3LL resummation + N3LO

QCD approach

N3LL’ resummation + N3LO

‣ Provide fiducial cross sections improved by qT resummation
‣Nice convergence and typically O(%) corrections wrt previous order

Billis, Denhadi, Ebert, Michel, Tackmann(2021) Camarda, Cieri, Ferrera (2021)

• In the boundaries of phase space

Large logs appear             spoil convergence of expansion in αn
s

soft and collinear emission

Resummation: state of the art for qT resummation

SCET

log2n qt

Q

Standard Model and Higgs Theory                                               Daniel de Florian 20

Parton Shower accuracy
‣ PS is a core component of MC simulation: used in almost every analysis

‣ Standard parton showers are LL(+) accurate: limitation for precision

‣ Several groups producing new generation of NLL PS for general observables
Nagy-Soper, Holguin-Forshaw-Platzer, PanScales,
Herren-Höche-Krauss-Reichelt-Schönherr + …

‣NEW:  various attempts towards even higher accuracy NNLL
• kinematics of the recoil
• color structure
• virtual contributions
• triple collinear 
• double soft

L = ln kt /Q 

e+e− → qq̄

PanScales: Ravasio, Hamilton, Karlberg, 
Salam, Scyboz, Soyez (2023)

Inclusion of double soft reproduces
analytical results at order αn

s L2n−2

Dasgupta, Dreyer, Hamilton, Monni, Salam (2018)

https://indico.desy.de//event/34916/contributions/142209/
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σ = ∑
i,j

∫ dx1dx2 fi/p(x1) fj/p(x2) ̂σ(x1x2s) × [1 + 𝒪(Λ/M)p]
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Comparing modern PDF sets

16

PDF4LHC15 1.0000 ± 0.0184
PDF4LHC21 0.9930 ± 0.0155
CT18       0.9914 ± 0.0180
MSHT20     0.9930 ± 0.0108
NNPDF40    0.9986 ± 0.0058

gg-lumi, ratio to PDF4LHC15 @ mH

× 3

Amazing that MSHT20 & NNPDF40 are 
reaching %-level precision 

Differences include 
➤ methodology (replicas & NN fits, 

tolerance factors, etc.) 
➤ data inputs 
➤ treatment of charm 
At this level, QED effects probably no 
longer optional (MSHT20QED: 0.9870)

NNPDF40 presented @ICHEP by Stegeman 
NB: PDF4LHC21 uses CT18/MSHT20/NNPDF31
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αs from Z pT
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NLL NNLL LL3N LLa4N
0.108

0.110

0.112

0.114

0.116
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) Z
(m s

α

MSHT20 PDF

T
Z p
Scale variations

 Z→pp 
-18 TeV, 20.2 fb

ATLAS Preliminary

Figure 3: Determination of Us (</ ) at various different orders in the QCD perturbative expansion, using the MSHT20
PDF set. The filled area represents missing higher order uncertainties estimated through scale variations, the vertical
error bars include experimental and PDF uncertainties.

Table 1: Summary of the uncertainties for the determination of Us (</ ).

Experimental uncertainty +0.00044 -0.00044
PDF uncertainty +0.00051 -0.00051

Scale variations uncertainties +0.00042 -0.00042
Matching to fixed order 0 -0.00008
Non-perturbative model +0.00012 -0.00020

Flavour model +0.00021 -0.00029
QED ISR +0.00014 -0.00014

N4LL approximation +0.00004 -0.00004

Total +0.00084 -0.00088

quoted uncertainty. The inclusion of NLO electroweak corrections yields a shift on Us(</ ) of +0.00006,
uncertainties related to missing electroweak higher orders are considered negligible.

Uncertainties related to the numerical approximation or the incomplete knowledge of some of the coefficients
required for N4LL accuracy of ?T-resummation are estimated to contribute at the level of ±0.00004, with
the largest contribution coming from the numerical approximation of the cusp anomalous dimension at
five loops [39], and from the incomplete knowledge of the hard-collinear contributions at four loops [42].
Uncertainties due to the numerical approximation of the four loop splitting functions are already included
in the MSHT20 PDF uncertainties.

A summary of the uncertainties in the determination of Us(</ ) is shown in Table 1.

The goodness of fit is assessed by computing the value of the j
2 function with the theory predictions

8

Table 2: Summary of N3LL fits with NNLO PDFs.

PDF set Us(</ ) PDF uncertainty 6 [GeV2] @ [GeV4] j
2/dof

MSHT20 [32] 0.11839 0.00040 0.44 -0.07 96.0 /69
NNPDF40 [78] 0.11779 0.00024 0.50 -0.08 116.0/69

CT18A [79] 0.11982 0.00050 0.36 -0.03 97.7 /69
HERAPDF20 [63] 0.11890 0.00027 0.40 -0.04 132.3/69

In order to investigate the effect of these tensions on the determination of Us(</ ) at N3LL, fits are performed
in which also the combined NC and CC DIS cross-section data from the H1 and ZEUS experiments at
the HERA collider [63] are included, with a minimum &

2 value of 10 GeV2, together with the measured
/-boson transverse-momentum cross sections. The HERA data are already included in all PDF fits, they
are re-included here to the purpose of lessening the impact of other datasets on the gluon PDF. After the
inclusion of HERA data in the fit the half-envelope of the PDF sets considered is reduced to ±0.00016.

The approximate N3LO PDF fit of MSHT20, which is used as the nominal result, largely reduces the
tension in the gluon PDF, as indicated by the significant improvement in the j

2 associated to the /-boson
?T measurement in the high transverse-momentum region [55]. These observations support that the spread
of Us(</ ) using different PDF sets at NNLO is not representative of the true PDF uncertainty at N3LO.
However, further studies are needed to verify the robustness of the estimate of the PDF uncertainties at
N3LO in the MSHT20 analysis, when other PDF determinations at this order become available.

D Combined fits of "s(m`) and PDFs

Determinations of Us(</ ) at hadron colliders are exposed to possible biases unless the PDFs are determined
simultaneously along with Us(</ ) [80]. The Hessian profiling employed in this analysis provides an
approximation to a PDF determination which relies on the accuracy of the quadratic approximation around
the minimum [81]. In the nominal fit of Us(</ ) at N4LLa+N3LO, pulls and constraints of the nuisance
parameters associated to the PDF uncertainties are below one sigma and 30%, respectively, indicating that
the new minimum of the profiled PDFs is close to the original minimum, which gives confidence in the
validity of the quadratic approximation.

A simultaneous determination of Us(</ ), PDFs and non-perturbative parameters through the numerical
minimisation of the j

2 in the full-dimensional parameters space [82] is performed at N3LL+N3LO, with
PDFs evolved at NNLO. The combined NC and CC DIS cross-section data from the H1 and ZEUS
experiments at the HERA collider [63] are included, with a minimum four-momentum transfers &2 of
10 GeV2, together with the measured /-boson transverse-momentum cross sections.

The light-quark coefficient functions of the DIS cross sections are calculated in the "( scheme [83], and
with the renormalisation and factorisation scales set to the four momentum transfers &2. The heavy quarks
2 and 1 are dynamically generated, and the corresponding coefficient functions for the neutral-current
processes with W

⇤ exchange are calculated in the general-mass variable-flavour-number scheme [84–86],
with up to five active quark flavours. The charm mass is set to <2 = 1.43 GeV, and the bottom mass to
<1 = 4.50 GeV [63]. For the charged-current processes the heavy quarks are treated as massless.

14

Difference of 0.00143, 
significantly larger than 
quoted ~0.00086 error

Default PDF is MSHT20(aN3LO), gives 0.11828
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W mass
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Table 2: Overview of fitted values of the W boson mass for di�erent PDF sets. The reported uncertainties are the
total uncertainties.

PDF-Set p
`
T [MeV ] mT [MeV ] combined [MeV ]

CT10 80355.6+15.8
�15.7 80378.1+24.4

�24.8 80355.8+15.7
�15.7

CT14 80358.0+16.3
�16.3 80388.8+25.2

�25.5 80358.4+16.3
�16.3

CT18 80360.1+16.3
�16.3 80382.2+25.3

�25.3 80360.4+16.3
�16.3

MMHT2014 80360.3+15.9
�15.9 80386.2+23.9

�24.4 80361.0+15.9
�15.9

MSHT20 80358.9+13.0
�16.3 80379.4+24.6

�25.1 80356.3+14.6
�14.6

NNPDF3.1 80344.7+15.6
�15.5 80354.3+23.6

�23.7 80345.0+15.5
�15.5

NNPDF4.0 80342.2+15.3
�15.3 80354.3+22.3

�22.4 80342.9+15.3
�15.3
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Figure 4: Fitted mW values for di�erent PDF-Sets using the p
`
T distribution (left) and mT distribution (right).

combined PLH fits with the CT18 PDF set. The largest impact is due to the first eigenvector of the CT18
PDF. A summary of the impacts of various groups of systematic uncertainties is given in Table 3. A
di�erence of 22 MeV between p

`
T and mT fits is observed for the CT18 PDF set, which is compatible at

1.3� level.

Table 3: Impact of the di�erent uncertainty categories on the total uncertainty of the W boson mass measurement
using PLH and the CT18 PDF-Set. The impact of each group of systematic uncertainties is defined as the quadratic
di�erence between the total fit uncertainty, and the fit uncertainty obtained excluding this group.

Obs. Mean Elec. PDF Muon EW PS & Bkg. �W MC stat. Lumi Recoil Total Data Total
[MeV] Unc. Unc. Unc. Unc. Ai Unc. Unc. Unc. Unc. Unc. Unc. sys. stat. Unc.

p
`
T 80360.1 8.0 7.7 7.0 6.0 4.7 2.4 2.0 1.9 1.2 0.6 15.5 4.9 16.3

mT 80382.2 9.2 14.6 9.8 5.9 10.3 6.0 7.0 2.4 1.8 11.7 24.4 6.7 25.3

An overview of selected pre- and post-fit distributions of p
`
T and mT is shown in Figure 6, where a general

better agreement can be observed for the post-fit case.

14

default
Difference of 17.9 MeV, 
greater than final quoted 
16.3 MeV error

Is there a single PDF that is the “right one”?  
Choice ≡ systematic error… 

Should it not be the same across analyses?  
(W mass relies profoundly on same Z pT distribution that goes into αs extraction) 
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the non-perturbative part
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σ = ∑
i,j

∫ dx1dx2 fi/p(x1) fj/p(x2) ̂σ(x1x2s) × [1 + 𝒪(Λ/M)p]
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αs

Public D
om

ain, https://com
m

ons.w
ikim

edia.org/w
/index.php?curid=

95023097

the strong 
coupling
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Fig. 31. Summary of measurements of a,(Mzo ). 

slightly smaller values of AM 5 than those from 
e+e- annihilation, as can be seen in Fig. 31, 
too. 

The data, taking an optimistic point of 
view, can all be described well by QCD with 
150 MeV < A<:}5 < 250 MeV, which cor-
responds to an error in a,(Mzo) of ±0.004. 
With a more pessimistic attitude, however, 
one can also argue that the range in AMs 
which is necessary to describe the data is 
100 MeV< A<:}5 < 350 MeV, which then cor-
responds to an error in a,(Mzo) of ±O.Oll. A 
stringent "determination" of the error of the 
world average of a,(Mzo) is not possible, since 
the uncertainties are mainly of theoretical na-
ture which prevents a classical error analysis. 
The final world average is thus quoted to be 

la,(Mzo) = 0.118 ± 0.0071, 

where the error corresponds to the average be-
tween the optimistic and the pessimistic view 

27 

goven above. Exactly the same result, how-
ever with a different attitude of interpreting 
the theoretical uncertainties, was recently pre-
sented by G. Altarelli 81. This world average 
value of a,(Mzo) now seems to be very stable 
and solid. Due to the remarkably good agree-
ment between the results quoted from many 
different processes and observables, there is no 
apparent reason to argue for an uncertainty 
which should be much larger than the one 
given above . 

SUMMARY 

The large number of significant and pre-
cise tests of QCD which were presented at this 
conference, 20 years after the theory was first 
formulated, set another milestone in exploring 
and testing the standard model of the elemen-
tary particles and forces. 

New, precise measurements of nucleon 
structure functions became available, with 
valuable information down to x 0.008, ex-
tending the x-range towards smaller values 
by one order of magnitude. The high statis-
tics and the large kinematic range of the new 
data resolved the controversy between pre-
vious measurements. These data have also 
caused readjustments of the parametrizations 
of quark distributions, especially at small x. 
Measurements of bb cross sections at hadron 
colliders indicate that the gluon distributions 
may also need to be changed. After more than 
20 years of experimental and theoretical work 
on scaling violations in DIS, the field is still de-
veloping towards a more consistent and precise 
picture. An overall and new determination of 
the parton distributions, using all the avail-
able data on structure functions, is mandatory 
and should soon replace the old parametriza-
tions which are used to calculate hadronic pro-
cesses for present and for future experiments. 

The physics of hadron jets gave further, 
precise insights into the dynamics and quan-
tum numbers of parton scattering processes. 
In e+e- annihilations at LEP, studies of 4-
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which is necessary to describe the data is 
100 MeV< A<:}5 < 350 MeV, which then cor-
responds to an error in a,(Mzo) of ±O.Oll. A 
stringent "determination" of the error of the 
world average of a,(Mzo) is not possible, since 
the uncertainties are mainly of theoretical na-
ture which prevents a classical error analysis. 
The final world average is thus quoted to be 

la,(Mzo) = 0.118 ± 0.0071, 

where the error corresponds to the average be-
tween the optimistic and the pessimistic view 
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goven above. Exactly the same result, how-
ever with a different attitude of interpreting 
the theoretical uncertainties, was recently pre-
sented by G. Altarelli 81. This world average 
value of a,(Mzo) now seems to be very stable 
and solid. Due to the remarkably good agree-
ment between the results quoted from many 
different processes and observables, there is no 
apparent reason to argue for an uncertainty 
which should be much larger than the one 
given above . 

SUMMARY 

The large number of significant and pre-
cise tests of QCD which were presented at this 
conference, 20 years after the theory was first 
formulated, set another milestone in exploring 
and testing the standard model of the elemen-
tary particles and forces. 

New, precise measurements of nucleon 
structure functions became available, with 
valuable information down to x 0.008, ex-
tending the x-range towards smaller values 
by one order of magnitude. The high statis-
tics and the large kinematic range of the new 
data resolved the controversy between pre-
vious measurements. These data have also 
caused readjustments of the parametrizations 
of quark distributions, especially at small x. 
Measurements of bb cross sections at hadron 
colliders indicate that the gluon distributions 
may also need to be changed. After more than 
20 years of experimental and theoretical work 
on scaling violations in DIS, the field is still de-
veloping towards a more consistent and precise 
picture. An overall and new determination of 
the parton distributions, using all the avail-
able data on structure functions, is mandatory 
and should soon replace the old parametriza-
tions which are used to calculate hadronic pro-
cesses for present and for future experiments. 

The physics of hadron jets gave further, 
precise insights into the dynamics and quan-
tum numbers of parton scattering processes. 
In e+e- annihilations at LEP, studies of 4-
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Three decades of the strong coupling 
Uncertainty has gone down by an order of 
magnitude to ~ 0.8% 

central value has stayed stable, today
 

Sources of improvement 

➤ data (LEP, DIS,~LHC) 

➤ better theory (e.g. NNLO, N3LL) 

➤ better computers (e.g. for lattice) 

Challenges 

➤ how to handle spread of error estimates 
(e.g. when systematic dominated)

αs(mZ) = 0.1179 ± 0.0009
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Figure 9.2: Summary of determinations of –s(M2
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text. The yellow (light shaded) bands and dotted lines indicate the pre-average values of each
sub-field. The dashed line and blue (dark shaded) band represent the final world average value of
–s(M2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination including
a simultaneous fit of PDFs.
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Figure 9.5: Lattice determinations that enter the FLAG2019 average. The yellow (light shaded)
band and dotted line indicates the average value for this sub-field. The dashed line and blue (dark
shaded) band represent the final world average value of –s(M2

Z). a

aIn the previous edition, the JLQCD result was incorrectly labelled as “JLQCD17” and had a wrong (too small)
uncertainty.

direct inclusion of this FLAG average here. As in the previous review, we therefore adopt the FLAG
average with its uncertainty as our value of –s for the lattice category. Moreover, this lattice result
will not be directly combined with any other sub-field average, but with our non-lattice average to
give our final world average value for –s.

9.4.8 Determination of the world average value of –s(M2
Z):

Obtaining a world average value for –s(M2

Z) is a non-trivial exercise. A certain arbitrariness and
subjective component is inevitable because of the choice of measurements to be included in the
average, the treatment of (non-Gaussian) systematic uncertainties of mostly theoretical nature, as
well as the treatment of correlations among the various inputs, of theoretical as well as experimental
origin.

We have chosen to determine pre-averages for sub-fields of measurements that are considered
to exhibit a maximum degree of independence among each other, considering experimental as well
as theoretical issues. The seven pre-averages are summarized in Fig. 9.2. We recall that these are
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Where do we start?

We’re going to study some observables which are relatively
inclusive (i.e. we are not interested in the fate of individual
particles, but rather in the general flow of energy): Event
Shapes in e+e−.

right hemisphereleft hemisphere

!nT

thrust T = max
!n

∑
i |!pi.!n|∑
i |!pi|

, τ = 1− T ,

C-parameter C =
3

2

∑
i,j |!pi||!pj| sin

2 θij

(
∑

i |!pi|)
2 ,

jet-mass ρ =

(∑
i∈hemisphere pi

)2

(
∑

iEi)
2 ,

broadening BT =

∑
i pti∑
i |!pi|

.

Define also:

heavy-jet mass ρh = max{ρleft, ρright} ,
wide-jet broadening BW = max{Bleft, Bright} .
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Event shapes in e+e− annihilation and deep inelastic scattering 29
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Figure 10. Left: Illustration of the BT -dependent non-perturbative shift in
the jet broadening distribution for e+e− annihilation. The dashed curve is
the perturbative prediction (NLL+NLO), while the solid curve includes a non-
perturbative (B-dependent) shift. Figure taken from [135]. Right: NLL+NLO
distribution with a 1/Q shift for τtE = 1 − TtE in DIS at a range of Q values
(round dots indicate points used in fits) [33]. The Q values range from 15 GeV
(bottom) to 81 GeV (top).
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Figure 11. Left: 1-σ contours for simultaneous fits of αs and α0 to e+e− event-
shape distributions. The error contours account for statistic, systematical and
theoretical uncertainties. The shaded band indicates the result for αs when using
Monte Carlo hadronisation models. Figure taken from [184]. Right: 1-σ contours
from fits to H1 DIS event shape distributions [115] with statistical and systematic
errors added in quadrature. Figure taken from [33].

e+e− and DIS. This statement holds holds also for the EEC, fitted in [89], not shown
in fig. 11. There is also good agreement with the results for the mean values, fig. 3,
except marginally for DIS αs results, which for distributions are in better accord with
the world average.
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The standard approach 
➤ Measure data at hadron (“particle”) level 

➤ Run a general purpose Monte Carlo 

➤ Determine the observable at parton level 

➤ Determine the observable at hadron level 

➤ Use the difference to correct a perturbative parton-level calculation to hadron-level, 
for comparison to data 

Fundamental & conceptual problem: 
parton-level in a Monte Carlo  parton-level in a perturbative calculation≠

27
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e+e− and DIS. This statement holds holds also for the EEC, fitted in [89], not shown
in fig. 11. There is also good agreement with the results for the mean values, fig. 3,
except marginally for DIS αs results, which for distributions are in better accord with
the world average.
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NLO+NLL 
  + hadronisation

total jet broadening (BT)

c. 1995, theorists proposed analytical 
approaches to quantifying hadronisation 
(Dokshitzer, Marchesini & Webber; 
Beneke & Braun; Manohar & Wise; 
Korchemsky & Sterman). 

 

Did they match data?  
Two key features to check: 

➤ universality of  across many shapes 

➤ scaling with centre-of-mass energy Q

δV ∼
cV α0

Q

α0
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Figure 3: Energy dependence of the mean values of the total (〈BT 〉) and wide jet broad-
ening (〈BW 〉), and of the C-parameter (〈C〉) are shown [19]. The solid curves are the result
of the fit using perturbative calculations plus two-loop power corrections which include
the Milan factor [6] and the revisited power corrections to jet broadening observables[7].
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14

NLO

NLO + cv α0 /Q

Studies of average values of 
event shapes v. Q (CoM 
energy) gave support to 

analytical approaches that 
tried to work around this 

problem 

JADE Collab, hep-ex/9903009

https://arxiv.org/abs/hep-ex/9903009
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outliers and/or 
small errors

αs(mZ) = 0.1135 ± 0.0002exp ± 0.0005hadr ± 0.0009pert 1006.3080
1501.04111αs(mZ) = 0.1119 ± 0.0006exp+had ± 0.0013pert

Thrust:

C-parameter:

World average: αs(mZ) = 0.1179 ± 0.0009

NNLO + N3LL + 1/Q

https://arxiv.org/abs/1006.3080
https://arxiv.org/abs/1501.04111
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4 G. Luisoni, P. F. Monni, G. P. Salam: C-parameter hadronisation in the symmetric 3-jet limit and impact on ↵s fits

to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain

⇣(3/4) =
3
p
3

4

CA + 2CF

CF

Z 1

�1
d⌘

Z
2⇡

0

d�

2⇡

sin2 �

2 cosh ⌘ � cos�

=
3
p
3

4

CA + 2CF

CF
(4E(1/4)� 3K(1/4)) . (18)

The functions K and E are the complete elliptic integrals
of the first and second kind

K(t) =

Z ⇡/2

0

d✓
�
1� t sin2 ✓

��1/2
, (19a)

E(t) =

Z ⇡/2

0

d✓
�
1� t sin2 ✓

�1/2
. (19b)

The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).

critical assumption in those high-precision 
fits:  

the non-perturbative shift is independent 
of the value of the observable (valid when 

)C → 0

non-perturbative shift as fn of C
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calculation 
(Webber hep-ph/9408222)

Turns out not be true
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to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain
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3
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The functions K and E are the complete elliptic integrals
of the first and second kind
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The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).

critical assumption in those high-precision 
fits:  

the non-perturbative shift is independent 
of the value of the observable (valid when 

)C → 0
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calculation 
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Turns out not be true
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to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain

⇣(3/4) =
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The functions K and E are the complete elliptic integrals
of the first and second kind
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The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).
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Exp. Q (GeV) Fit range N. bins Ref.

ALEPH 91.2 0.27 < C < 0.69 22 [49]
ALEPH 133.0 0.20 < C < 0.675 6 [49]
ALEPH 161.0 0.16 < C < 0.675 7 [49]
ALEPH 172.0 0.16 < C < 0.675 7 [49]
ALEPH 183.0 0.16 < C < 0.675 7 [49]
ALEPH 189.0 0.16 < C < 0.675 7 [49]
ALEPH 200.0 0.125 < C < 0.675 8 [49]
ALEPH 206.0 0.125 < C < 0.675 8 [49]
JADE 44.0 0.61 < C < 0.68 2 [50]

Table 1. Data set considered for the simultaneous �2 fit of ↵s

and ↵0.

Ref. [5], but is largely su�cient for determining how the
↵s fit result depends on ⇣(C).

The theory predictions are obtained using 50 bins in
the 0  C  1 range, subsequently interpolated in order to
be evaluated in correspondence to the experimental data
bins. The fit is performed by minimising the �2 function
defined as
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where Vij is the covariance matrix that encodes the cor-
relation between the bins Ci and Cj . The general form of
the covariance matrix is Vij = Sij + Eij , where Sij =
��2

stat, i�ij is the diagonal matrix of the (uncorrelated)
statistical errors in the experimental di↵erential distribu-
tion, while Eij contains the experimental systematic co-
variances. The diagonal entries of Eii = ��2

syst,i are given
by the experimental systematic uncertainty on the i-th
bin. For the o↵-diagonal elements, which are not publicly
available, a common choice (used also in Refs. [4,5,18]) is
to consider a minimal-overlap model, which defines Eij as

Eij = min
�
��2

syst,i, ��
2

syst,j

�
. (23)

For ease of comparison, we adopt the same choice, though
we note that for the normalised distributions that we fit
here, the true covariance matrix would also include some
degree of anti-correlation. The �2 minimisation is carried
out with the TMinuit routine distributed with ROOT and
the whole analysis was implemented in the C++ code used
for a similar fit in Ref. [18]. Results with a diagonal co-
variance matrix, i.e. without any correlations, are given in
Appendix C. They yield almost identical central results
for ↵s and ↵0, smaller �2 values, and an increase in the
experimental errors of O(10%� 20%), which however re-
main small compared to theoretical uncertainties.

In order to estimate the theoretical uncertainties, we
perform the following variations:

• the renormalisation scale µR is randomly varied in the
range Q/2  µR  2Q, while the infrared scale µI is
set to 2 GeV;

Fig. 2. Fit results for ↵s and ↵0 for di↵erent models of ⇣(C).
The points indicate the fit corresponding to the central setup
of scales and parameters for a given model. The ellipses show
the ��2 = 1 contours associated with the experimental un-
certainty. The shaded areas represent the theory uncertainties
due to the variation of additional theoretical parameters as
described in the text.

• for µR = Q, the resummation scale fraction xC defined
in Appendix D (default value xC = 1/2) is randomly
varied by a factor 3/2 in either direction, namely in
the range 1/3  xC  3/4, following the prescription
of Ref. [9];

• for µR = Q and xC = 1/2, the Milan factor M is
randomly varied within 20% of its central value [41]
(M ' 1.49) to account for non-inclusive e↵ects in the
h�Ci shift (7) beyond O(↵2

s);
• keeping all of the above parameters at their central

values, the parameter p in the modified logarithm de-
fined in Eq. (41) of Appendix D (default value p = 6)
is replaced by p = 5 and p = 7. This choice for p is
discussed in Appendix D.

The theory error is defined as the envelope of all the above
variations. When we quote overall results below, we add
the theoretical and experimental errors in quadrature.

We test several models for ⇣(C) as given in Eq. (21)
and shown in Fig. 1. Specifically, we consider the constant
⇣0 choice, the ⇣a,n model for n = 1, 2, 3, the ⇣b,n model for
n = 1, 2, 3, and the ⇣c model (recall ⇣a,1 ⌘ ⇣b,1).

The results of the fits are given in Fig. 2 and Table 2.
Fig. 2 shows results for ↵s and ↵0: the points give the cen-
tral result for each ⇣(C) choice, while the corresponding
shaded areas represent the envelope of results obtained
varying scales and parameters in the theoretical calcula-
tion, i.e. our overall theoretical uncertainty. Each point
is accompanied by the ��2 = 1 ellipse, whose projec-
tion along each of the axes defines the 1� experimental
uncertainty. Table 2 provides the numerical values of the
central results and overall errors for each ⇣(C) choice, and
additionally includes the �2 result from the fit, Eq. (22),
divided by the number of degrees of freedom.

calculation 
(Webber hep-ph/9408222)

calculation  
(Luisoni, Monni, GPS, 2012.00622)

fit results with different interpolationsnon-perturbative shift as fn of C
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to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain
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The functions K and E are the complete elliptic integrals
of the first and second kind
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The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).
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to the procedure used to calculate the power correction to
the D-parameter for arbitrary 3-jet configurations [47].

Integrating over ⌘[dip] and �[dip], and summing over
dipoles, we then obtain

⇣(3/4) =
3
p
3

4

CA + 2CF

CF

Z 1

�1
d⌘

Z
2⇡

0

d�

2⇡

sin2 �

2 cosh ⌘ � cos�

=
3
p
3

4

CA + 2CF

CF
(4E(1/4)� 3K(1/4)) . (18)

The functions K and E are the complete elliptic integrals
of the first and second kind

K(t) =

Z ⇡/2

0

d✓
�
1� t sin2 ✓

��1/2
, (19a)

E(t) =

Z ⇡/2

0

d✓
�
1� t sin2 ✓

�1/2
. (19b)

The numerical value of ⇣(3/4) reads

⇣(3/4) ' 4.48628 , (20)

which provides the leading non-perturbative correction at
the shoulder.1 This simple result reveals that the leading
(⇠ 1/Q) hadronisation correction at the (symmetric three-
jet) Sudakov shoulder is less than half that in the two-jet
limit (⇣(0) = 3⇡).

3.3 Modelling of the 0<C<3/4 region

Our calculations of ⇣(0) and ⇣(3/4) relied critically on the
fact that recoil from the gluer emission had an impact
that was quadratic in the gluer momentum. Away from
these special points, the methods used here do not give
us control over the value of the power correction, because
the result depends on the prescription that we adopt for
recoil (the impact of the hard parton’s recoil becomes lin-
ear in the gluer momentum). One could conceivably ex-
tend the methods of Ref. [25] to attempt to determine the
general dependence of ⇣(C) on C, however such a calcu-
lation is highly non-trivial. So here, we want to establish
whether such a calculation would be phenomenologically
important. To do so, we consider a range of models that
interpolate the power correction between the known val-
ues at C = 0 and C = 3/4, some of which depend on a
parameter n � 0. These are:

⇣0(C) = ⇣(0) (21a)

⇣a,n(C) = ⇣(0)(1� un) + ⇣(3/4)un , u =
4C

3
, (21b)

⇣b,n(C) = ⇣(0)(1� u)n + ⇣(3/4) (1� (1� u)n) , (21c)

⇣c(C) = ⇣(0) + (⇣(3/4)� ⇣(0))g(u), (21d)

where g(u) has the property that it is 0 (1) for u = 0 (1)
and its first derivative is zero at u = 0, 1,

g(u) = �1 + (1� u)3 + 3u� u3 . (21e)
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Fig. 1. Di↵erent functional forms for ⇣(C) function interpo-
lating between the results at C = 0 and C = 3/4.

The di↵erent forms for ⇣(C) are shown in Fig. 1. The
⇣0 choice corresponds to using a constant shift, i.e. the
standard approach for earlier studies. For both ⇣a,n and
⇣b,n, using n = 1 corresponds to a linear interpolation be-
tween the ⇣(0) and ⇣(3/4) values. For larger n, ⇣a,n is flat
close to C = 0, while ⇣b,n is flat close to C = 3/4. Fi-
nally ⇣c is flat near both C = 0 and C = 3/4. We stress
that the variations in Eqs. (21) are not normally taken
into account when estimating hadronisation with analytic
models, which e↵ectively all assume the ⇣0 model, corre-
sponding to a constant shift across the whole di↵erential
distribution. In Section 4 we will see what impact this has
on fits for the strong coupling from experimental data.

In order to gain some insight on how ⇣(C) depends on
the recoil scheme, in Appendix B we carry out a fixed-
order calculation of this quantity within di↵erent schemes
to distribute the recoil due to the emission of the gluer
among the remaining three partons. In reality, however,
the behaviour that we find at fixed order in Appendix B
can be substantially modified by the emission of multiple
perturbative radiation (as also discussed in Appendix B).
Therefore we do not rely on these calculations to assess
the impact of ⇣(C) on the fits, but rather use them as
an insightful picture of how the leading non-perturbative
correction scales across the spectrum of the event shape.
We do however note that the concrete recoil schemes all
yield shapes that fall below the ⇣a,1 ⌘ ⇣b,1 line.

4 Fit of ↵s and hadronisation uncertainties

To test how our results a↵ect the extraction of ↵s, we
perform a simultaneous fit of the strong coupling and of
the non-perturbative parameter ↵0(µ2

I), using data at dif-
ferent centre-of-mass energies from the ALEPH [49] and
JADE [50] experiments, as summarised in Table 1. This
dataset is smaller than that considered for a similar fit in

1 The numerical value of ⇣(3/4) was previously estimated in
unpublished work by one of us (GPS) in collaboration with Z.
Trócsányi (see for instance Section 4.1.3 of Ref. [48]).
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Fits with full (1st-order) non-perturbative correction

fits restricted to 3-jet 
region, NNLO + 1/Q 

fixed 1/Q:  

full 1/Q:  

“variations of our 
procedure can lead easily to 
differences of the order of a 

percent” 

αs = 0.1132

αs = 0.1182

34

small di↵erences are not surprising since all the Monte Carlos we use are tuned to these

data. The choice of the fit range has an impact on the result of about one percent. This

confirms that the range chosen is such that the impact of the resummation is modest. The

choice of how to treat statistical correlations has also a similar impact, and confirms that

our minimal overlap approach provides a sensible description of the correlations. For y3,

the di↵erence between the two limiting cases (where soft emissions are always-clustered or

never-clustered) amounts also to about a one percent e↵ect on the full fit.

Finally, we note that if one fits ↵s and ↵0 from the three observables considered

separately, one tends to get a larger value of the strong coupling, but with very di↵erent

values of ↵0. Indeed, there is a tension in the fitted value of ↵0, where both thrust and C-

parameter prefer a lower value, while y3 prefers a higher one. When fitting all observables

at the same time, the overall e↵ect is that one finds an intermediate value for ↵0 and a

lower value of ↵s. The �2 of the fits remain excellent, which justifies a simultaneous fit.

The role of each variable in the common fit is illustrated in Fig. 5. As one can see, for C

 0

 0.5

 1

 1.5

 2

 0.09  0.1  0.11  0.12  0.13  0.14  0.15

α 0

αs(MZ)

C
τ

y3
C+τ

C+τ+y3

Figure 5: Contours at ��2 = 1 for fitting, C, ⌧ and y3 individually, and then in the

combinations C + ⌧ and C + ⌧ + y3.

and ⌧ , ↵0 and ↵S are strongly anti-correlated, and with a similar anti-correlation. On the

other hand, y3 has a ⇣ function that is small and of opposite sign, and thus ↵0 and ↵S

are only weakly correlated. The combined fit is then strongly constrained leading to an

intermediate value of ↵0 and a smaller value of ↵s.

Altogether, we conclude by remarking that our fit results agree very well with the

world average. In particular, we do not find low values of ↵s for the thrust or C-parameter

which are included in the current PDG average [57]. However, our results also clearly show

that a fit of ↵s from event shapes with an overall uncertainty below the percent level seems

today not feasible. In particular, by changing certain choices that we have made, like the

central renormalization scale or the mass scheme, one can easily obtain higher values of

↵S .

– 24 –

Nason & Zanderighi 2301.03607

confirms strong sensitivity to our understanding of non-perturbative physics 

https://arxiv.org/abs/2301.03607
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the non-perturbative part at 
hadron colliders
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σ = ∑
i,j

∫ dx1dx2 fi/p(x1) fj/p(x2) ̂σ(x1x2s) × [1 + 𝒪(Λ/M)p]



Gavin Salam Precision QCD@LHC – NNPDF meeting, September 2023

What is value of p in ? [Λ ~ 1 GeV](Λ/Q)p

➤ Jet physics at LHC is dirty because  (hadronisation & MPI) 

➤ LEP event-shape (C-parameter, thrust)  fit troubles are complex about because 
,  

➤ Hadron-collider inclusive and rapidity-differential Drell-Yan cross sections are 
believed to have  (Higgs hopefully also), so leptonic / photonic decays should 
be clean, aside from isolation. 

 
[Beneke & Braun, hep-ph/9506452; Dasgupta, hep-ph/9911391] 

➤ But at LHC, we’re also interested in Z, W and Higgs production with non-zero  
Nobody knew if we have  with  (a disaster) or  (all is fine)

p = 1

αs
p = 1 Λ ∼ 0.5 GeV → (Λ/20GeV) ∼ 2.5 %

p = 2

Λ ∼ 0.5 GeV → (Λ/125GeV)2 ∼ 0.002 %

pT
(Λ/pT)p p = 1 p = 2

36
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What is value of p in  for Z pT?(Λ/Q)p

37

Ferraro Ravasio, Limatola & Nason, 2011.14114 
+ analytic demonstration in Caola, Ferrario Ravasio, Limatola, Melnikov & Nason, 2108.08897 , idem+ Ozcelik 2204.02247

The pT of the Z: working in the Large-nf limit

We consider the process
d(p1)�(p2) ! Z(p3)d(p4) to
work in the Large-nf limit and
to preserve the azimuthal color
asymmetry (ECM = 300 GeV)
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We (Ferrario Ravasio, GL, Nason (’20)) found

hOi
(1)
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log

✓
�
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T

◆

No numeric evidence of a IR linear renormalon
for the transverse momentum of the Z boson!

Giovanni Limatola — July 7th, 2022 Linear Power Corrections in Collider Processes 9/17

Limatola @ ICHEP'22 
(see also Ozcelik @ ICHEP)

absence of p=1 
term critical for 
viability of LHC 

precision 
programme

But note the log 
factor in p=2 
term ̶ is this 
captured in 
intrinsic-pT 
models?

https://arxiv.org/abs/2108.08897
https://arxiv.org/abs/2204.02247
https://agenda.infn.it/event/28874/contributions/168977/attachments/93949/128351/ichep22_limatola.pdf
https://agenda.infn.it/event/28874/contributions/169026/attachments/94074/128549/ICHEP_OZCELIK.pdf
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What is value of p in  for top production?(Λ/Q)p

38

unless you 
choose a very 

special 
observable 

 
p=1
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Underlying event & jets: Λ/Q → (several GeV)/Q

➤ Consider process with MPI 
simulation turned off  
(i.e. just 1HS) 

➤ Look at avg.  of leading jet 
( ) as a function of Z  ( )

pt
pℓ

tj pt ptZ

39

Leading jet pt v. Z pt

Andersen, Monni, Rottoli, GPS  
& Soto Ontoso, 2307.05693

https://arxiv.org/abs/2307.05693
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➤ Most of  range: almost 
perfect linear correlation, since 
leading jet balances 

ptZ
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Underlying event & jets: Λ/Q → (several GeV)/Q

➤ Consider process with MPI 
simulation turned off  
(i.e. just 1HS) 

➤ Look at avg.  of leading jet 
( ) as a function of Z  ( )

pt
pℓ

tj pt ptZ

39

Z

g

➤ Most of  range: almost 
perfect linear correlation, since 
leading jet balances 

ptZ

ptZ
Z

g

g
➤ For :  saturates at 

about 2–3 GeV: two soft jets 
balance each other

ptZ → 0 ⟨pℓ
tj ⟩

Leading jet pt v. Z pt

Andersen, Monni, Rottoli, GPS  
& Soto Ontoso, 2307.05693

https://arxiv.org/abs/2307.05693
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➤ next step: turn MPI on 

➤ for , leading jet  is 
now ~10 GeV instead of 2–3 
GeV [not so soft!] 

➤ because there is almost always 
an MPI jet that is much harder 
than the soft jets from Z-
process 

➤ NB: jet studies take small 
radius of R=0.4, partly to 
mitigate MPI effects

ptZ → 0 pt

40

MP
I of

f

MPI o
n

Leading jet pt v. Z pt

Underlying event & jets: Λ/Q → (several GeV)/Q
Andersen, Monni, Rottoli, GPS  
& Soto Ontoso, 2307.05693

https://arxiv.org/abs/2307.05693
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spurious perturbative behaviour

41

σ = ∑
i,j

∫ dx1dx2 fi/p(x1) fj/p(x2) ̂σ(x1x2s) × [1 + 𝒪(Λ/M)p]
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Recent surprise: H→γγ fiducial N3LO σ uncertainties ~2  greater than inclusive N3LO σ uncertaities×

42
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NNLO × KN3LO
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FIG. 2. Comparison between inclusive (left) and fiducial (right) predictions for the rapidity distribution of the Higgs boson up
to N3LO. Predictions are shown at LO (grey), NLO (green), NNLO (blue), N3LO (red), and for the NNLO prediction re-scaled
by the inclusive KN3LO-factor (orange).

channel at N3LO. The fully di↵erential prediction is as-
sembled according to Eq. (1), which requires:

1. The inclusive calculation at N3LO for the Higgs ra-
pidity distribution yH as computed in Ref. [20] and
implemented in the RapidiX library. This result is
based on techniques developed in Refs. [38, 39] and
is given by analytic formulae for the partonic rapid-
ity distribution computed by means of a threshold
expansion. We supplement this result by exploiting
the fact that the Higgs boson decays isotropically
in its rest frame to generate the inclusive N3LO cal-
culation di↵erential in the Higgs boson decay prod-
ucts.

2. The fully di↵erential NNLO calculation for the
H+jet process. This has been computed in Ref. [29]
using the antenna subtraction method [22, 39] and
is available within the parton-level Monte Carlo
generator NNLOJET.

We have implemented the P2B method for color-neutral
final states within the NNLOJET framework together
with an interface to the RapidiX library to access the
inclusive part of the calculation.

For our phenomenological results, we restrict ourselves
to the decay of the Higgs boson into a pair of photons
and closely follow the corresponding 13 TeV ATLAS
measurement [40] with the following fiducial cuts

p�1

T > 0.35⇥m�� , p�2

T > 0.25⇥m�� , (7)

|⌘� | < 2.37 excluding 1.37 < |⌘� | < 1.52,

where �1 and �2 respectively denote the leading and sub-
leading photon with m�� ⌘ MH = 125 GeV the invari-
ant mass of the photon-pair system. For each photon,
an additional isolation requirement is imposed where the
scalar sum of partons with pT > 1 GeV within a cone of
�R = 0.2 around the photon has to be less than 5% of the
pT of the photon. Note that this setup induces a highly
non-trivial interplay between the final-state photons and
QCD emissions, requiring a fully di↵erential description
of the process. Throughout this letter, we work in the
narrow width approximation to combine the production
and decay of the Higgs boson. To derive numerical pre-
dictions we use PDF4LHC15_nnlo_100 [41] parton distri-
bution functions and choose the value of the top quark
mass in the modified minimal subtraction scheme to be
mt(mt) = 162.7 GeV.

Figure 1 compares predictions for the fiducial rapidity
distribution of the Higgs boson yH based on two di↵er-
ent methods. This comparison serves as the validation
of the P2B implementation up to NNLO against an in-
dependent calculation based on the antenna subtraction
method. The lower panels in Fig. 1 show the ratio of the
two calculations, where the filled band and the error bars
correspond to the uncertainty estimates of the Monte
Carlo integration of the antenna- and P2B-prediction,
respectively. The ratios shown in the bottom two panels
reveal agreement within numerical uncertainties between
the two calculations at the per-mille and sub-per-cent
level for the coe�cients at NLO and NNLO, respectively.

Figure 2 compares the inclusive rapidity distribution of
the Higgs boson to the fiducial rapidity distribution of the
di-photon pair. It was already noted in Refs. [20, 21] that

Chen, Gehrmann, Glover, Huss, Mistlberger & Pelloni, 2102.07607

https://arxiv.org/abs/2102.07607
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FIG. 2. Comparison between inclusive (left) and fiducial (right) predictions for the rapidity distribution of the Higgs boson up
to N3LO. Predictions are shown at LO (grey), NLO (green), NNLO (blue), N3LO (red), and for the NNLO prediction re-scaled
by the inclusive KN3LO-factor (orange).

channel at N3LO. The fully di↵erential prediction is as-
sembled according to Eq. (1), which requires:

1. The inclusive calculation at N3LO for the Higgs ra-
pidity distribution yH as computed in Ref. [20] and
implemented in the RapidiX library. This result is
based on techniques developed in Refs. [38, 39] and
is given by analytic formulae for the partonic rapid-
ity distribution computed by means of a threshold
expansion. We supplement this result by exploiting
the fact that the Higgs boson decays isotropically
in its rest frame to generate the inclusive N3LO cal-
culation di↵erential in the Higgs boson decay prod-
ucts.

2. The fully di↵erential NNLO calculation for the
H+jet process. This has been computed in Ref. [29]
using the antenna subtraction method [22, 39] and
is available within the parton-level Monte Carlo
generator NNLOJET.

We have implemented the P2B method for color-neutral
final states within the NNLOJET framework together
with an interface to the RapidiX library to access the
inclusive part of the calculation.

For our phenomenological results, we restrict ourselves
to the decay of the Higgs boson into a pair of photons
and closely follow the corresponding 13 TeV ATLAS
measurement [40] with the following fiducial cuts

p�1

T > 0.35⇥m�� , p�2

T > 0.25⇥m�� , (7)

|⌘� | < 2.37 excluding 1.37 < |⌘� | < 1.52,

where �1 and �2 respectively denote the leading and sub-
leading photon with m�� ⌘ MH = 125 GeV the invari-
ant mass of the photon-pair system. For each photon,
an additional isolation requirement is imposed where the
scalar sum of partons with pT > 1 GeV within a cone of
�R = 0.2 around the photon has to be less than 5% of the
pT of the photon. Note that this setup induces a highly
non-trivial interplay between the final-state photons and
QCD emissions, requiring a fully di↵erential description
of the process. Throughout this letter, we work in the
narrow width approximation to combine the production
and decay of the Higgs boson. To derive numerical pre-
dictions we use PDF4LHC15_nnlo_100 [41] parton distri-
bution functions and choose the value of the top quark
mass in the modified minimal subtraction scheme to be
mt(mt) = 162.7 GeV.

Figure 1 compares predictions for the fiducial rapidity
distribution of the Higgs boson yH based on two di↵er-
ent methods. This comparison serves as the validation
of the P2B implementation up to NNLO against an in-
dependent calculation based on the antenna subtraction
method. The lower panels in Fig. 1 show the ratio of the
two calculations, where the filled band and the error bars
correspond to the uncertainty estimates of the Monte
Carlo integration of the antenna- and P2B-prediction,
respectively. The ratios shown in the bottom two panels
reveal agreement within numerical uncertainties between
the two calculations at the per-mille and sub-per-cent
level for the coe�cients at NLO and NNLO, respectively.

Figure 2 compares the inclusive rapidity distribution of
the Higgs boson to the fiducial rapidity distribution of the
di-photon pair. It was already noted in Refs. [20, 21] that

Chen, Gehrmann, Glover, Huss, Mistlberger & Pelloni, 2102.07607

“Gold standard” fiducial cross 
section gives much worse 

prediction 

Why?  
And can this be solved?

https://arxiv.org/abs/2102.07607
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Standard pt,γ cuts →  Higgs pt dependence of acceptance
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HHiggs with zero 
transverse mom.

γ+
❌ 0.35pt,+ > mH

✅ 0.25pt,− > mHγ–

Fails cuts

HHiggs with non-zero 
transverse mom.

γ+ ✅ 0.35pt,+ > mH

✅ 0.25pt,− > mHγ–

Passes cuts

Numbers are for ATLAS H→ γγ pt cuts, CMS cuts are similar

Let us place the Higgs, of mass mh, at zero rapidity, yh = 1

2
ln E+pz

E�pz
= 0. When the

Higgs boson has transverse momentum pt,h, we can parameterise the momenta of the two

photons (labelled + and �) as a function of polar and azimuthal angles ✓ and �,

p±(pt,h, ✓,�) =
1

2

n
±

q
m2

h + p
2
t,h

sin ✓ cos�+ pt,h , ±mh sin ✓ sin� , ±mh cos ✓ ,
q
m2

h + p
2
t,h

± pt,h sin ✓ cos�
o
, (2.1)

where the components are given in the order x, y, z, E, the beams are along the ±z

directions and, without loss of generality, we have taken the Higgs boson transverse mo-

mentum to be along the x direction. In this parametrisation, ✓ and � are simply the usual

Collins–Soper angles [40]. When discussing pt cuts, it is su�cient to consider the domain

0  ✓ 
⇡

2
, �

⇡

2
 � 

⇡

2
, (2.2)

where we have pt,+ � pt,�. We will refer to the higher (lower)-pt photon as the harder

(softer) one. In this domain, an identical (“symmetric”) transverse momentum cut on both

photons, pt,+, pt,� � pt,cut, reduces to a requirement on the softer photon, pt,� � pt,cut.

For other regions of ✓ and �, the argument would remain identical, simply taking care as

to which of the two photons has the smaller transverse momentum.

For a given pt,h, the fraction f(pt,h) of Higgs boson decays where both photons pass

the cut is given by

f(pt,h) =

Z
⇡/2

�⇡/2

d�

⇡

Z
⇡/2

0

sin ✓d✓⇥(pt,� > pt,cut) . (2.3)

We can perform a simple integration over phase space, independently of the Higgs produc-

tion matrix element, because of the spin-0 nature of the Higgs boson. To evaluate f(pt,h),

it is convenient to work in the small-pt,h limit, where we have

pt,±(pt,h, ✓,�) =
mh

2
sin ✓ ±

1

2
pt,h cos�+

p
2
t,h

4mh

�
sin ✓ cos2 �+ csc ✓ sin2 �

�
+O3 , (2.4)

where the notation On is a shorthand that we introduce to indicate that we neglect terms

p
n
t,h and higher (and, later, the n

th power of any other factor in which we expand). In

Eq. (2.4), we have retained terms up to order p
2
t,h/m

2
h because we will make use of the

second-order term later. However, to keep the rest of this section as simple as possible, we

will now work with just the first two terms, and the requirement pt,� > pt,cut translates to

sin ✓ >
2pt,cut
mh

+ cos�
pt,h

mh

+O2 , (2.5)

or equivalently

cos ✓ < f0 �
2

f0

pt,cut

mh

cos�
pt,h

mh

+O2 , f0 =

s

1�
4p2

t,cut

m2
h

. (2.6)

– 5 –

Expect acceptance to increase with increasing pt,H

θ
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Linear ptH dependence of H acceptance ≡ f(ptH)
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resonance such as a Z or Higgs boson. Refs. [1–3] noted that the common practice at

the time, of applying identical minimum thresholds on the transverse momenta of the two

objects (“symmetric cuts”), led to sensitivity to configurations with a small transverse

momentum imbalance between the two objects, where perturbative calculations could be

a↵ected by enhanced (though integrable) logarithms of the imbalance. Ultimately, the

discussions in those papers resulted in the widespread adoption of so-called “asymmetric”

cuts whereby one chooses di↵erent transverse-momentum thresholds for the harder and

softer of the two jets.

In recent years, QCD calculations have made amazing strides in accuracy (for a review,

see Ref. [4]), reaching N3LO precision for key 2 ! 1 processes, both inclusively [5–8]

and di↵erential in the rapidity [9, 10] and in the full decay kinematics [11–13]. As the

calculations have moved forwards, an intriguing situation has arisen in the context of gluon-

fusion Higgs production studies, where the calculations are arguably the most advanced.

For this process, inclusive cross sections and cross sections di↵erential in the Higgs boson

rapidity show a perturbative series that converges well at N3LO. However, calculations for

fiducial cross sections, which include asymmetric experimental cuts on the photons from

H ! �� decays, show poorer convergence and significantly larger scale uncertainties [11,

12]. Furthermore, it turns out that to obtain the correct N3LO prediction, it is necessary

to integrate over Higgs boson transverse momenta that are well below a GeV, which is

physically unsettling (albeit reminiscent of the early observations in Ref. [1–3]).

Refs. [12, 14] have noted that such problems (which appear to be present to a lesser

extent also in the context of Drell-Yan studies) are connected with the fact that both

asymmetric and symmetric cuts yield an acceptance for H ! �� decays, f(pt,h), that has

a linear dependence on the Higgs boson transverse momentum pt,h [15, 16]:

f(pt,h) = f0 + f1 ·
pt,h

mh

+O

 
p
2
t,h

m2
h

!
. (1.1)

In section 2, concentrating on the H ! �� case, we will review how this linear depen-

dence arises and we will also examine its impact on the perturbative series with a simple

resummation-inspired toy model for its all-order structure. That model implies that any

power-law dependence of the acceptance for pt,h ! 0 results in a perturbative series for the

fiducial cross section that diverges (�1)n↵n
sn!, i.e. an alternating-sign factorial divergence,

coming predominantly from very low pt,h values.

Factorial growth implies that, however small the value of ↵s, the perturbative series will

never converge. Non-convergence of the series is a well known feature of QCD, notably be-

cause of the same-sign factorial growth induced by infrared QCD renormalons [17]. In that

context, the smallest term in the series is often taken as a fundamental non-perturbative

ambiguity. The alternating-sign factorial growth that we see is di↵erent, in that the sum

of all terms can be made meaningful, with the help of resummation. However, fixed-order

perturbative calculations still cannot reproduce that sum to better than the smallest term

in the series. As is commonly done with infrared renormalon calculations, one can express

the size of the smallest term in the series as a power of (⇤/mh), where ⇤ ⌘ ⇤qcd ⇠ 0.2 GeV

is the fundamental infrared scale of QCD. The power that emerges with standard H ! ��
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resonance such as a Z or Higgs boson. Refs. [1–3] noted that the common practice at

the time, of applying identical minimum thresholds on the transverse momenta of the two

objects (“symmetric cuts”), led to sensitivity to configurations with a small transverse

momentum imbalance between the two objects, where perturbative calculations could be

a↵ected by enhanced (though integrable) logarithms of the imbalance. Ultimately, the

discussions in those papers resulted in the widespread adoption of so-called “asymmetric”

cuts whereby one chooses di↵erent transverse-momentum thresholds for the harder and

softer of the two jets.

In recent years, QCD calculations have made amazing strides in accuracy (for a review,

see Ref. [4]), reaching N3LO precision for key 2 ! 1 processes, both inclusively [5–8]

and di↵erential in the rapidity [9, 10] and in the full decay kinematics [11–13]. As the

calculations have moved forwards, an intriguing situation has arisen in the context of gluon-

fusion Higgs production studies, where the calculations are arguably the most advanced.

For this process, inclusive cross sections and cross sections di↵erential in the Higgs boson

rapidity show a perturbative series that converges well at N3LO. However, calculations for

fiducial cross sections, which include asymmetric experimental cuts on the photons from

H ! �� decays, show poorer convergence and significantly larger scale uncertainties [11,

12]. Furthermore, it turns out that to obtain the correct N3LO prediction, it is necessary

to integrate over Higgs boson transverse momenta that are well below a GeV, which is

physically unsettling (albeit reminiscent of the early observations in Ref. [1–3]).

Refs. [12, 14] have noted that such problems (which appear to be present to a lesser

extent also in the context of Drell-Yan studies) are connected with the fact that both

asymmetric and symmetric cuts yield an acceptance for H ! �� decays, f(pt,h), that has

a linear dependence on the Higgs boson transverse momentum pt,h [15, 16]:

f(pt,h) = f0 + f1 ·
pt,h

mh

+O

 
p
2
t,h

m2
h

!
. (1.1)

In section 2, concentrating on the H ! �� case, we will review how this linear depen-

dence arises and we will also examine its impact on the perturbative series with a simple

resummation-inspired toy model for its all-order structure. That model implies that any

power-law dependence of the acceptance for pt,h ! 0 results in a perturbative series for the

fiducial cross section that diverges (�1)n↵n
sn!, i.e. an alternating-sign factorial divergence,

coming predominantly from very low pt,h values.

Factorial growth implies that, however small the value of ↵s, the perturbative series will

never converge. Non-convergence of the series is a well known feature of QCD, notably be-

cause of the same-sign factorial growth induced by infrared QCD renormalons [17]. In that

context, the smallest term in the series is often taken as a fundamental non-perturbative

ambiguity. The alternating-sign factorial growth that we see is di↵erent, in that the sum

of all terms can be made meaningful, with the help of resummation. However, fixed-order

perturbative calculations still cannot reproduce that sum to better than the smallest term

in the series. As is commonly done with infrared renormalon calculations, one can express

the size of the smallest term in the series as a power of (⇤/mh), where ⇤ ⌘ ⇤qcd ⇠ 0.2 GeV

is the fundamental infrared scale of QCD. The power that emerges with standard H ! ��

– 2 –
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effect of  cut sets in at  pt,− 0.1mH

 and  are coefficients whose values 
depend on the cuts
f0 f1

define  :  ,  

transition is at 

s0 =
2pt+,cut

mH
f0 = 1 − s2

0 ≃ 0.71 f1 =
2s0

πf0
≃ 0.62

pt+,cut − pt−,cut

 dependence of acceptance (at 10% level) → 
relating measured cross section and total cross 
section requires info about the  distribution.

pt,H

pt,H
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resonance such as a Z or Higgs boson. Refs. [1–3] noted that the common practice at

the time, of applying identical minimum thresholds on the transverse momenta of the two

objects (“symmetric cuts”), led to sensitivity to configurations with a small transverse

momentum imbalance between the two objects, where perturbative calculations could be

a↵ected by enhanced (though integrable) logarithms of the imbalance. Ultimately, the

discussions in those papers resulted in the widespread adoption of so-called “asymmetric”

cuts whereby one chooses di↵erent transverse-momentum thresholds for the harder and

softer of the two jets.

In recent years, QCD calculations have made amazing strides in accuracy (for a review,

see Ref. [4]), reaching N3LO precision for key 2 ! 1 processes, both inclusively [5–8]

and di↵erential in the rapidity [9, 10] and in the full decay kinematics [11–13]. As the

calculations have moved forwards, an intriguing situation has arisen in the context of gluon-

fusion Higgs production studies, where the calculations are arguably the most advanced.

For this process, inclusive cross sections and cross sections di↵erential in the Higgs boson

rapidity show a perturbative series that converges well at N3LO. However, calculations for

fiducial cross sections, which include asymmetric experimental cuts on the photons from

H ! �� decays, show poorer convergence and significantly larger scale uncertainties [11,

12]. Furthermore, it turns out that to obtain the correct N3LO prediction, it is necessary

to integrate over Higgs boson transverse momenta that are well below a GeV, which is

physically unsettling (albeit reminiscent of the early observations in Ref. [1–3]).

Refs. [12, 14] have noted that such problems (which appear to be present to a lesser

extent also in the context of Drell-Yan studies) are connected with the fact that both

asymmetric and symmetric cuts yield an acceptance for H ! �� decays, f(pt,h), that has

a linear dependence on the Higgs boson transverse momentum pt,h [15, 16]:

f(pt,h) = f0 + f1 ·
pt,h

mh

+O

 
p
2
t,h

m2
h

!
. (1.1)

In section 2, concentrating on the H ! �� case, we will review how this linear depen-

dence arises and we will also examine its impact on the perturbative series with a simple

resummation-inspired toy model for its all-order structure. That model implies that any

power-law dependence of the acceptance for pt,h ! 0 results in a perturbative series for the

fiducial cross section that diverges (�1)n↵n
sn!, i.e. an alternating-sign factorial divergence,

coming predominantly from very low pt,h values.

Factorial growth implies that, however small the value of ↵s, the perturbative series will

never converge. Non-convergence of the series is a well known feature of QCD, notably be-

cause of the same-sign factorial growth induced by infrared QCD renormalons [17]. In that

context, the smallest term in the series is often taken as a fundamental non-perturbative

ambiguity. The alternating-sign factorial growth that we see is di↵erent, in that the sum

of all terms can be made meaningful, with the help of resummation. However, fixed-order

perturbative calculations still cannot reproduce that sum to better than the smallest term

in the series. As is commonly done with infrared renormalon calculations, one can express

the size of the smallest term in the series as a power of (⇤/mh), where ⇤ ⌘ ⇤qcd ⇠ 0.2 GeV

is the fundamental infrared scale of QCD. The power that emerges with standard H ! ��

– 2 –
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Resummed 
results

Behaviour of perturbative series in various log approximations

➤ At DL & LL (DL+running coupling) factorial divergence sets in from first orders 

➤ Poor behaviour of N3LL is qualitatively similar to that seen by Billis et al ‘21 

➤ Theoretically similar to a power-suppressed ambiguity ~  
[inclusive cross sections expected to have ]

(ΛQCD/mH)0.205

Λ2/m2
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Thanks to Pier Monni & RadISH for supplying NN(N)LL distributions & expansions, μ=mH/2 
(relative to previous slide, this now has full expression for acceptance)

numbers we will take ✏ ! 0, however we will also plot the ✏ dependence of the result to

gauge the e↵ect of a pt,h cuto↵ in a projection-to-Born type [53] subtraction approach for

perturbative calculations, as used in Ref. [11]. (In practice, such calculations impose a

cuto↵ m
2

min
on the invariant mass of parton pairs, and a cut m2

min
. ✏

2 is required to fully

cover transverse momenta down to a scale ✏.)

For asymmetric cuts with the ATLAS thresholds of pt,+ > 0.35mh and pt,� > 0.25mh

(using not just the f1 part of the acceptance, but its full structure), we obtain the following

results for the acceptances for each of the perturbative models,

�asym � f0�inc

�0f0
' 0.15↵s � 0.29↵2

s
+ 0.71↵3

s
� 2.39↵4

s
+ 10.31↵5

s
+ . . . ' 0.06 @DL,

' 0.15↵s � 0.23↵2
s
+ 0.44↵3

s
� 1.15↵4

s
+ 3.86↵5

s
+ . . . ' 0.06 @LL,

' 0.18↵s � 0.15↵2
s
+ 0.29↵3

s
+ . . . ' 0.10 @NNLL,

' 0.18↵s � 0.15↵2
s
+ 0.31↵3

s
+ . . . ' 0.12 @N3LL.

(2.23)

In these results, the ↵n
s subscript indicates that the corresponding term is the ↵n

s contribu-

tion to the result, while the right-hand side of the equality corresponds to the acceptance

as determined from the resummation (in the case of the LL result, we stop the integration

at the Landau pole). The DL and LL results clearly show how the series start to diverge

towards higher orders. In the LL case, the terms grow a little more slowly, and numerically

fitting the structure of the series to high orders leads to the conclusion that (for nf = 5) the

smallest term in the series scales as (⇤/Q)0.205 rather than the (⇤/Q)23/144 ' (⇤/Q)0.160

seen at DL level. The investigations reported in Appendix C suggest that the (⇤/Q)0.205

scaling may be robust with respect to b-space versus pt space complications, as well as to

other subleading e↵ects.

Next, we examine the NNLL and N3LL results in Eq. (2.23). The all-order results are

twice as large in the NNLL and N3LL cases as compared to the DL and LL cases, which is

a consequence of the fact that the NNLL and N3LL results includes a substantial part of

the K factor for inclusive Higgs production. The NNLL and N3LL results are themselves

close. Examining the fixed-order results, the main feature to note is that up to N3LO there

is no truncation of the series that agrees with the resummed result.

Fig. 3 illustrates the N3LO truncation compared to the resummation, as a function

of the cuto↵ ✏ in Eq. (2.22). First considering the small-✏ limit, the di↵erence of 0.22

between the central N3LO result and the resummation corresponds to a roughly 7% rel-

ative e↵ect on the full cross section (after accounting for an overall K-factor of about 3).

This is significantly larger than the perturbative scale uncertainty on the inclusive N3LO

cross section [6]. The scale variation bands demonstrate a large scale sensitivity for the

fixed-order result, which does not overlap with the resummed result (though contributions

beyond the resummation could modify this aspect, for example by increasing the width of

the resummed scale variation band). The pattern of ✏-dependence in Fig. 3 confirms the

expectation from Eq. (2.20) that the fixed-order result is highly sensitive to unphysically

low pt,h values.8

8One intriguing feature is that setting ✏ in the range of a few hundred MeV to one GeV gives an N3LO

– 13 –
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Behaviour of perturbative series with product cuts

➤ Factorial growth of series strongly suppressed 

➤ N3LO truncation agrees well with all-
order result 

➤ Per mil agreement between fixed-order and 
resummation gives confidence that all is 
under control
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Thanks to Pier Monni & RadISH for supplying NN(N)LL distributions & expansions, μ=mH/2

trated with the following results for the perturbative series, first for the sum cuts,

�sum � f0�inc

�0f0
' 0.013↵s � 0.007↵2

s
+ 0.005↵3

s
� 0.004↵4

s
+ 0.004↵5

s
+ . . . ' 0.009 @DL,

' 0.013↵s � 0.005↵2
s
+ 0.001↵3

s
� 0.001↵4

s
+ 0.000↵5

s
+ . . . ' 0.010 @LL,

' 0.016↵s + 0.007↵2
s
� 0.004↵3

s
+ . . . ' 0.019 @NNLL,

' 0.016↵s + 0.007↵2
s
� 0.001↵3

s
+ . . . ' 0.021 @N3LL,

(3.13)

and next for product cuts,

�prod � f0�inc

�0f0
' 0.005↵s � 0.002↵2

s
+ 0.002↵3

s
� 0.001↵4

s
+ 0.001↵5

s
+ . . . ' 0.003 @DL,

' 0.005↵s � 0.002↵2
s
+ 0.000↵3

s
� 0.000↵4

s
+ 0.000↵5

s
+ . . . ' 0.003 @LL,

' 0.005↵s + 0.002↵2
s
� 0.001↵3

s
+ . . . ' 0.005 @NNLL,

' 0.005↵s + 0.002↵2
s
� 0.001↵3

s
+ . . . ' 0.006 @N3LL.

(3.14)

The improvement in convergence relative to the corresponding results for asymmetric cuts,

Eq. (2.23) is striking.

Fig. 5, which is to be compared to its analogue for asymmetric cuts, i.e. Fig. 3, shows

the sensitivity to the infrared cuto↵ in Eq. (2.22), as well as the impact of scale variation.

N3LO (from N3LL) and the full N3LL resummation now agree well and the N3LO result

is much less sensitive to the minimum pt,h in the integration, converging at a few GeV,

rather than at MeV scales for asymmetric cuts. These are precisely the features that we had

anticipated in the introduction to this section. Note also that the residual scale uncertainty

is now essentially negligible (at least by today’s standards for Higgs physics), and that the

overall size of the fiducial acceptance correction is much smaller than for asymmetric cuts.

Note that in Eqs. (3.13) and (3.14), at N3LL the coe�cient of the ↵2
s term is now positive,

whereas it is negative at DL and LL. The most likely explanation for the change of sign

is that it is related to the interplay between the acceptance cuts and the large (positive)

NLO K-factor for Higgs production.

Of the three quadratic cuts discussed so far, overall the best choice appears to be the

product cuts, for several reasons:

1. The coe�cient of the quadratic dependence is small (though staggered cuts give a

smaller coe�cient for 2ptcut/mh < 1/
p
2).

2. The transition point to quasi-linear pt,h dependence, at pt,h ' 2�, is the highest of the

three (sum cuts transition at a similar, though slightly lower value of pt,h). Having a

high transition point is of value because it means that the substantial pt,h dependence

occurs in a region where the perturbative prediction for the pt,h spectrum is more

likely to be reliable, providing confidence in the use of pure fixed-order perturbation

theory to calculate acceptances.
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Cuts & N3LO fiducial DY cross sections
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3

Order � [pb] Symmetric cuts � [pb] Product cuts

k NkLO NkLO+NkLL NkLO NkLO+NkLL

0 721.16+12.2%
�13.2% — 721.16+12.2%

�13.2% —

1 742.80(1)+2.7%
�3.9% 748.58(3)+3.1%

�10.2% 832.22(1)+2.7%
�4.5% 831.91(2)+2.7%

�10.4%

2 741.59(8)+0.42%
�0.71% 740.75(5)+1.15%

�2.66% 831.32(3)+0.59%
�0.96% 830.98(4)+0.74%

�2.73%

3 722.9(1.1)+0.68%
�1.09% ± 0.9 726.2(1.1)+1.07%

�0.77% 816.8(1.1)+0.45%
�0.73% ± 0.8 816.6(1.1)+0.87%

�0.69%

TABLE I. Fiducial cross sections for the symmetric (2a) and product (2b) cuts both at fixed perturbative order and including
all-order resummation.

dow is 66GeV < m`` < 116GeV and the lepton rapidi-
ties are confined to |⌘`

±
| < 2.5. The transverse momen-

tum of the two leptons is constrained as

Symmetric cuts [113]: |~p `±

T | > 27GeV , (2a)

Product cuts [100]:
q

|~p `+
T | |~p `�

T | > 27GeV ,

min{|~p `±

T |} > 20GeV . (2b)

The central factorisation and renormalisation scales

are chosen to be µR = µF =
q

m``
2 + p``T

2
and the cen-

tral resummation scale is set to Q = m``/2. In the results
presented below, the theoretical uncertainty is estimated
by varying the µR and µF scales by a factor of two about
their central value, while keeping 1/2  µR/µF  2. In
addition, for the resummed results, for central µR = µF

scales we vary Q by a factor of two around its central
value. Moreover, a matching-scheme uncertainty is esti-
mated by including the full scale variation of the additive
matching scheme of Ref. [59] (27 variations that comprise
the one of the central matching scale v0 introduced in
Eq. (5.2) of that article). The final uncertainty is ob-
tained as the envelope of all the above variations, corre-
sponding to 7 and 36 curves for the fixed-order and re-
summed computations, respectively. In the fiducial cross
sections quoted below at N3LO and N3LO+N3LL, we do
not consider the uncertainty related to the missing N3LO
parton distributions, which are currently unavailable.

In Fig. 1, we start by showing the transverse-
momentum distribution of the Drell–Yan lepton pair in
the fiducial volume (2a), obtained with Eq. (1), compared
to experimental data [113]. In the figure we label the
distributions by the perturbative accuracy of their inclu-
sive integral over p``T . Our state-of-the-art N3LO+N3LL
prediction provides an excellent description of the data
across the spectrum, with the exception of the first bin at
small p``T which is susceptible to non-perturbative correc-
tions not included in our calculation. We point out that
the term d�NNLO

DY+jet
�
⇥
d�N

3
LL

DY

⇤
O(↵3

s)
in Eq. (1) gives a non-

negligible contribution even for p``T  15GeV. The resid-
ual theoretical uncertainty in the intermediate p``T region
is at the few-percent level, and it increases to about 5%
for p``T & 50GeV. A more accurate description of the

large-p``T region requires the inclusion of EW corrections,
which we neglect in our calculation.
We now consider the fiducial cross section with sym-

metric cuts (2a). In order to gain control over the slicing
systematic error, we choose pcutT as low as 0.81GeV. In
the first column of Tab. I, denoted as NkLO, we show the
fixed-order results toO(↵k

s ). The second column of Tab. I
displays the result obtained including resummation ef-
fects. In the fixed-order case, the theoretical uncertainty
at N3LO, estimated as discussed above, is supplemented
with an estimate of the slicing uncertainty obtained by
varying pcutT in the range [0.45, 1.48]GeV and taking the
average di↵erence from the result with pcutT = 0.81GeV.
In the resummed case, we quote the total theoretical un-
certainty including also the matching scheme variation.
In both cases the statistical uncertainty is reported in
parentheses.
We observe that the new N3LO corrections decrease

the fiducial cross section by about 2.5%, and the final
prediction at N3LO has larger theoretical errors than
the NNLO counterpart, whose uncertainty band does not
capture the N3LO central value. This indicates a poor
convergence of the fixed-order perturbative series for this
process, which is consistent with what has been observed
in the inclusive case in Refs. [10–12]. In the resummed
case, the theoretical uncertainty is more reliable and
within errors the convergence of the perturbative series
is improved. The presence of linear power corrections is
also responsible for the moderate di↵erence between the
fixed-order and the resummed prediction for the symmet-
ric cuts (2a), which in turn indicates a sensitivity of the
cross section to the infrared region of small p``T . This ul-
timately worsens further the perturbative convergence of
the fixed-order series thereby challenging the perspectives
to reach percent-accurate theoretical predictions within
symmetric cuts.
A possible solution to this problem [100] is to slightly

modify the definition of the fiducial cuts as in Eq. (2b)
in order to reduce such a sensitivity to infrared physics.
We present for the first time theoretical predictions up
to N3LO and N3LO+N3LL for this set of cuts, reported
in the third and fourth column of Tab. I. The relative
di↵erence between the fixed-order and resummed calcu-
lations for the fiducial cross section never exceeds the

Chen, Gehrmann, Glover, Huss & Monni, 2203.01565

0.5% difference no difference

Same conceptual problem for DY, but reduced because of  instead of  colour factor 

Magnitude of problem can be estimated from difference between fixed order and fixed-
order + resummation (recall: resummation should not be needed for a fiducial cross section)

CF CA

https://arxiv.org/abs/2203.01565
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non-pert corrections & PDFs?
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σ = ∑
i,j

∫ dx1dx2 fi/p(x1) fj/p(x2) ̂σ(x1x2s) × [1 + 𝒪(Λ/M)p]
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NNPDF4.0 DIS struct. fn. datasets [2109.02653] — all involve Λ2/Q2
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Dataset Ref. Ndat x Q [GeV] Theory

NMC F d
2 /F

p
2 [33] 260 (121/121) [0.012, 0.680] [2.1, 10.] APFEL

NMC �NC,p [34] 292 (204/204) [0.012, 0.500] [1.8, 7.9] APFEL

SLAC F p
2 [35] 211 (33/33) [0.140, 0.550] [1.9, 4.4] APFEL

SLAC F d
2 [35] 211 (34/34) [0.140, 0.550] [1.9, 4.4] APFEL

BCDMS F p
2 [36] 351 (333/333) [0.070, 0.750] [2.7, 15.] APFEL

BCDMS F d
2 [36] 254 (248/248) [0.070, 0.750] [2.7, 15.] APFEL

CHORUS �⌫
CC [37] 607 (416/416) [0.045, 0.650] [1.9, 9.8] APFEL

CHORUS �⌫̄
CC [37] 607 (416/416) [0.045, 0.650] [1.9, 9.8] APFEL

NuTeV �⌫
CC (dimuon) [38,39] 45 (39/39) [0.020, 0.330] [2.0, 11.] APFEL+NNLO

NuTeV �⌫̄
CC (dimuon) [38,39] 45 (36/37) [0.020, 0.210] [1.9, 8.3] APFEL+NNLO

[NOMAD Rµµ(E⌫)] (*) [111] 15 (—/15) [0.030, 0.640] [1.0, 28.] APFEL+NNLO

[EMC F c
2 ] [44] 21 (—/16) [0.014, 0.440] [2.1, 8.8] APFEL

HERA I+II �p
NC,CC [40] 1306 (1011/1145) [4·10�5, 0.65] [1.87, 223] APFEL

HERA I+II �c
NC (*) [145] 52 (—/37) [7·10�5, 0.05] [2.2, 45] APFEL

HERA I+II �b
NC (*) [145] 27 (26/26) [2·10�4, 0.50] [2.2, 45] APFEL

Table 2.1. The DIS datasets analyzed in the NNPDF4.0 PDF determination. For each of them we indicate the name
of the dataset used throughout this paper, the corresponding reference, the number of data points in the NLO/NNLO
fits before (and after) kinematic cuts (see Sect. 4), the kinematic coverage in the relevant variables after cuts, and the
codes used to compute the corresponding predictions. Datasets not previously considered in NNPDF3.1 are indicated
with an asterisk. Datasets not included in the baseline determination are indicated in square brackets. The Q coverage
indicated for NOMAD is to be interpreted as an integration range (see text).

Dataset Ref. Ndat Q2 [GeV2] pT [GeV] Theory

[ZEUS 820 (HQ) (1j)] (*) [112] 30 (—/30) [125,10000] [8,100] NNLOjet

[ZEUS 920 (HQ) (1j)] (*) [113] 30 (—/30) [125,10000] [8,100] NNLOjet

[H1 (LQ) (1j)] (*) [115] 48 (—/48) [5.5,80] [4.5,50] NNLOjet

[H1 (HQ) (1j)] (*) [116] 24 (—/24) [150,15000] [5,50] NNLOjet

[ZEUS 920 (HQ) (2j)] (*) [114] 22 (—/22) [125,20000] [8,60] NNLOjet

[H1 (LQ) (2j)] (*) [115] 48 (—/48) [5.5,80] [5,50] NNLOjet

[H1 (HQ) (2j)] (*) [116] 24 (—/24) [150,15000] [7,50] NNLOjet

Table 2.2. Same as Table 2.1 for DIS jet data.

carry out various methodological tests in Sects. 3 and 6. The NNPDF3.1-like determination contains 4092
data points for a NNLO fit.

The data included in NNPDF4.0 are summarized in Tables 2.1, 2.2, 2.3, 2.4 and 2.5, respectively for
DIS, DIS jets, fixed-target DY, collider inclusive gauge boson production and other LHC processes. For each
process we indicate the name of the dataset used throughout this paper, the corresponding reference, the
number of data points in the NLO/NNLO fits before (and after) kinematic cuts (see Sect. 4), the kinematic
coverage in the relevant variables after cuts, and the codes used to compute the corresponding predictions.
Datasets not previously considered in NNPDF3.1 are indicated with an asterisk. Datasets not included in
the baseline determination are indicated in brackets.

The total number of data points included in the default PDF determination is 4426 at NLO and 4618
at NNLO, to be compared to 4295 at NLO 4285 at NNLO in NNPDF3.1 and to 4092 (at NNLO) in
NNPDF3.1-like fits presented here. A comparison between the datasets considered in NNPDF4.0 and the
datasets included in NNPDF3.1 and in other recent PDF determinations, namely ABMP16 [142], CT18 [143]
and MSHT20 [144], is presented in App. B, see Tables B.1-B.6.

The kinematic coverage in the (x, Q
2) plane of the NNPDF4.0 dataset entering the default NNLO fit is

displayed in Fig. 2.1. For hadronic data, kinematic variables are determined using LO kinematics. Whenever
an observable is integrated over rapidity, the center of the integration range is used to compute the values
of x. The data points corresponding to datasets that are new in NNPDF4.0 are indicated with a black edge.

The complete information on experimental uncertainties, including the breakdown into di↵erent sources

9

~ 2 GeV

https://arxiv.org/abs/2109.02653
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Intrinsic v. perturbative charm ~ Λ2/Q2 effect for Q=mc
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intrinsic charm v. 
perturbative charm fits 

are like including a 
 effect in the fit   

Doesn’t just affect 
charm PDF, but, e.g. 
also up-quark PDF 

Raises question of 
more general  
effects in PDF fits at 

level of few-% accuracy

Λ2/Q2

Λ2/Q2
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Jet data has Λ/Q corrections — a concern for pT cuts of 5 – 10 GeV
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Dataset Ref. Ndat x Q [GeV] Theory

NMC F d
2 /F

p
2 [33] 260 (121/121) [0.012, 0.680] [2.1, 10.] APFEL

NMC �NC,p [34] 292 (204/204) [0.012, 0.500] [1.8, 7.9] APFEL

SLAC F p
2 [35] 211 (33/33) [0.140, 0.550] [1.9, 4.4] APFEL

SLAC F d
2 [35] 211 (34/34) [0.140, 0.550] [1.9, 4.4] APFEL

BCDMS F p
2 [36] 351 (333/333) [0.070, 0.750] [2.7, 15.] APFEL

BCDMS F d
2 [36] 254 (248/248) [0.070, 0.750] [2.7, 15.] APFEL

CHORUS �⌫
CC [37] 607 (416/416) [0.045, 0.650] [1.9, 9.8] APFEL

CHORUS �⌫̄
CC [37] 607 (416/416) [0.045, 0.650] [1.9, 9.8] APFEL

NuTeV �⌫
CC (dimuon) [38,39] 45 (39/39) [0.020, 0.330] [2.0, 11.] APFEL+NNLO

NuTeV �⌫̄
CC (dimuon) [38,39] 45 (36/37) [0.020, 0.210] [1.9, 8.3] APFEL+NNLO

[NOMAD Rµµ(E⌫)] (*) [111] 15 (—/15) [0.030, 0.640] [1.0, 28.] APFEL+NNLO

[EMC F c
2 ] [44] 21 (—/16) [0.014, 0.440] [2.1, 8.8] APFEL

HERA I+II �p
NC,CC [40] 1306 (1011/1145) [4·10�5, 0.65] [1.87, 223] APFEL

HERA I+II �c
NC (*) [145] 52 (—/37) [7·10�5, 0.05] [2.2, 45] APFEL

HERA I+II �b
NC (*) [145] 27 (26/26) [2·10�4, 0.50] [2.2, 45] APFEL

Table 2.1. The DIS datasets analyzed in the NNPDF4.0 PDF determination. For each of them we indicate the name
of the dataset used throughout this paper, the corresponding reference, the number of data points in the NLO/NNLO
fits before (and after) kinematic cuts (see Sect. 4), the kinematic coverage in the relevant variables after cuts, and the
codes used to compute the corresponding predictions. Datasets not previously considered in NNPDF3.1 are indicated
with an asterisk. Datasets not included in the baseline determination are indicated in square brackets. The Q coverage
indicated for NOMAD is to be interpreted as an integration range (see text).

Dataset Ref. Ndat Q2 [GeV2] pT [GeV] Theory

[ZEUS 820 (HQ) (1j)] (*) [112] 30 (—/30) [125,10000] [8,100] NNLOjet

[ZEUS 920 (HQ) (1j)] (*) [113] 30 (—/30) [125,10000] [8,100] NNLOjet

[H1 (LQ) (1j)] (*) [115] 48 (—/48) [5.5,80] [4.5,50] NNLOjet

[H1 (HQ) (1j)] (*) [116] 24 (—/24) [150,15000] [5,50] NNLOjet

[ZEUS 920 (HQ) (2j)] (*) [114] 22 (—/22) [125,20000] [8,60] NNLOjet

[H1 (LQ) (2j)] (*) [115] 48 (—/48) [5.5,80] [5,50] NNLOjet

[H1 (HQ) (2j)] (*) [116] 24 (—/24) [150,15000] [7,50] NNLOjet

Table 2.2. Same as Table 2.1 for DIS jet data.

carry out various methodological tests in Sects. 3 and 6. The NNPDF3.1-like determination contains 4092
data points for a NNLO fit.

The data included in NNPDF4.0 are summarized in Tables 2.1, 2.2, 2.3, 2.4 and 2.5, respectively for
DIS, DIS jets, fixed-target DY, collider inclusive gauge boson production and other LHC processes. For each
process we indicate the name of the dataset used throughout this paper, the corresponding reference, the
number of data points in the NLO/NNLO fits before (and after) kinematic cuts (see Sect. 4), the kinematic
coverage in the relevant variables after cuts, and the codes used to compute the corresponding predictions.
Datasets not previously considered in NNPDF3.1 are indicated with an asterisk. Datasets not included in
the baseline determination are indicated in brackets.

The total number of data points included in the default PDF determination is 4426 at NLO and 4618
at NNLO, to be compared to 4295 at NLO 4285 at NNLO in NNPDF3.1 and to 4092 (at NNLO) in
NNPDF3.1-like fits presented here. A comparison between the datasets considered in NNPDF4.0 and the
datasets included in NNPDF3.1 and in other recent PDF determinations, namely ABMP16 [142], CT18 [143]
and MSHT20 [144], is presented in App. B, see Tables B.1-B.6.

The kinematic coverage in the (x, Q
2) plane of the NNPDF4.0 dataset entering the default NNLO fit is

displayed in Fig. 2.1. For hadronic data, kinematic variables are determined using LO kinematics. Whenever
an observable is integrated over rapidity, the center of the integration range is used to compute the values
of x. The data points corresponding to datasets that are new in NNPDF4.0 are indicated with a black edge.

The complete information on experimental uncertainties, including the breakdown into di↵erent sources

9
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Concluding message
For many parts of the field there is a clear path forward on precision 

But we are reaching the point where we also need to reconsider the heuristics that get  
adopted for the  terms (Λ/Q)p
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