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Resummation

Resummation implies accounting for a (logarithmically) enhanced subset of
terms at each and every order of the perturbative series, e.g.

V ≪ 1 : σ(V ) ≃ σ0

∞∑

n=0

αn

s ln
2n V

︸ ︷︷ ︸

Leading Logarithms

+O
(
αn

s ln
2n−1 V

)

There are many ways in which Bryan has been involved in this. Among
them:

◮ Herwig & parton-shower development

◮ MC@NLO

◮ CKKW

But usually, by “resummation,” we mean analytically extracting the
functions corresponding to Leading Logarithms (LL), NLL, etc.
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Why resummation is needed

 0.1

 1

 10

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

1/
σ 

dσ
/d

B
T

Total Broadening (BT)

OPAL 91 GeV

Resummation () WebberFest 22/09/2010 3 / 20



Why resummation is needed

 0.1

 1

 10

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

1/
σ 

dσ
/d

B
T

Total Broadening (BT)

OPAL 91 GeV

LO

Resummation () WebberFest 22/09/2010 3 / 20

d

dB
(αs ln

2 B)



Why resummation is needed

 0.1

 1

 10

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

1/
σ 

dσ
/d

B
T

Total Broadening (BT)

OPAL 91 GeV

LO

NLO

Resummation () WebberFest 22/09/2010 3 / 20

d

dB
(αs ln

2 B + α
2
s ln

4 B)



Why resummation is needed

 0.1

 1

 10

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

1/
σ 

dσ
/d

B
T

Total Broadening (BT)

OPAL 91 GeV

LO

NLO

NLL + NLO

Resummation () WebberFest 22/09/2010 3 / 20

d

dB
(αs ln

2 B + α
2
s ln

4 B + · · · )



Why resummation is needed

 0.1

 1

 10

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

1/
σ 

dσ
/d

B
T

Total Broadening (BT)

OPAL 91 GeV

NLO + NLL

+ hadronisation

Resummation () WebberFest 22/09/2010 3 / 20

d

dB
(αs ln

2 B + α
2
s ln

4 B + · · · )



Many different kinds of resummation

To talk about enhanced terms at all orders, you need to pick out a physical
variable that is large or small and whose logs you sum.

There are quite a few options

◮ v ≪ 1 where v = 1-Thrust, Broadening, etc.
deviation of events from perfect 2-jet nature

◮ y ≪ 1, where y is jet resolution parameter
jet rates, jet multiplicities, etc.

◮ qT ≪ mDY /H/... where qT is Drell-Yan/Higgs transverse momentum
for helping discover the Higgs at LHC

◮ x ≪ 1, where x is fraction of parton’s momentum carried by a hadron
Understanding hadron multiplicites, testing ideas like LPHD, etc.

◮ x ≪ 1, where x is fraction of proton’s momentum carried by a parton
HERA physics, LHC moderate pt , heavy-ion collisions

◮ 1− x ≪ 1, threshold resummation
Approaching the edge of Tevatron/LHC kinematic reach

Resummation () WebberFest 22/09/2010 4 / 20



Bryan’s resummation-related work. . .
1) A. Papaefstathiou, B. Webber, “Effects of invisible particle emission on
global inclusive variables at hadron colliders,” JHEP 1007 (2010) 018.
[arXiv:1004.4762 [hep-ph]].
2) A. Papaefstathiou, J. M. Smillie, B. R. Webber, “Resummation of trans-
verse energy in vector boson and Higgs boson production at hadron colliders,”
JHEP 1004 (2010) 084. [arXiv:1002.4375 [hep-ph]].
3) A. Papaefstathiou, B. Webber, “Effects of QCD radiation on inclusive
variables for determining the scale of new physics at hadron colliders,” JHEP
0906 (2009) 069. [arXiv:0903.2013 [hep-ph]].
4) R. A. Davison, B. R. Webber, “Non-Perturbative Contribution to the
Thrust Distribution in e+ e- Annihilation,” Eur. Phys. J. C59 (2009) 13-25.
[arXiv:0809.3326 [hep-ph]].
5) C. Anastasiou, G. Dissertori, F. Stockli et al., “QCD radiation effects
on the H → WW → ℓνℓν signal at the LHC,” JHEP 0803 (2008) 017.
[arXiv:0801.2682 [hep-ph]].
6) C. Ewerz, B. R. Webber, “Multiplicity of (mini)jets at small x,” JHEP
9908 (1999) 019. [hep-ph/9907430].
7) Y. L. Dokshitzer, G. Marchesini, B. R. Webber, “Nonperturbative effects in
the energy energy correlation,” JHEP 9907 (1999) 012. [hep-ph/9905339].
8) C. Ewerz, B. R. Webber, “Jet rates at small x to single logarithmic accu-
racy,” JHEP 9904 (1999) 022. [hep-ph/9904244].
9) S. Catani, B. R. Webber, “Resummed C parameter distribution in e+ e-
annihilation,” Phys. Lett. B427 (1998) 377-384. [hep-ph/9801350].
10) B. R. Webber, “Jet rates in deep inelastic scattering at small x,” Phys.
Lett. B444 (1998) 81-85. [hep-ph/9810286].
11) S. Catani, B. R. Webber, “Infrared safe but infinite: Soft gluon di-
vergences inside the physical region,” JHEP 9710 (1997) 005. [hep-
ph/9710333].
12) P. Nason, B. R. Webber, “Fragmentation function method for charge
asymmetry measurements in e+ e- collisions,” Phys. Lett. B332 (1994)
405-410. [hep-ph/9404254].
13) S. Catani, Y. L. Dokshitzer, B. R. Webber, “Average number of jets in
deep inelastic scattering,” Phys. Lett. B322 (1994) 263-269.
14) P. Nason, B. R. Webber, “Scaling violation in e+ e- fragmentation func-
tions: QCD evolution, hadronization and heavy quark mass effects,” Nucl.
Phys. B421 (1994) 473-517.
15) S. Catani, L. Trentadue, G. Turnock et al., “Resummation of large loga-
rithms in e+ e- event shape distributions,” Nucl. Phys. B407 (1993) 3-42.

16) S. Catani, G. Turnock, B. R. Webber, “Jet broadening measures in e+
e- annihilation,” Phys. Lett. B295 (1992) 269-276.
17) S. Catani, B. R. Webber, Y. L. Dokshitzer et al., “Average multiplicities
in two and three jet e+ e- annihilation events,” Nucl. Phys. B383 (1992)
419-441.
18) S. Catani, Y. L. Dokshitzer, F. Fiorani et al., “Average number of jets
in e+ e- annihilation,” Nucl. Phys. B377 (1992) 445-460.
19) S. Catani, G. Turnock, B. R. Webber, “Heavy jet mass distribution in
e+ e- annihilation,” Phys. Lett. B272 (1991) 368-372.
20) Y. L. Dokshitzer, V. A. Khoze, C. P. Fong et al., “Mean, Median and
mode of hadron spectrum in QCD jets,” Phys. Lett. B273 (1991) 319-322.
21) S. Catani, Y. L. Dokshitzer, M. Olsson et al., “New clustering algorithm
for multi - jet cross-sections in e+ e- annihilation,” Phys. Lett. B269 (1991)
432-438.
22) S. Catani, G. Turnock, B. R. Webber et al., “Thrust distribution in e+
e- annihilation,” Phys. Lett. B263 (1991) 491-497.
23) E. M. Levin, G. Marchesini, M. G. Ryskin et al., “Evolution paths for
small x structure functions,” Nucl. Phys. B357 (1991) 167-184.
24) C. P. Fong, B. R. Webber, “One and two particle distributions at small
x in QCD jets,” Nucl. Phys. B355 (1991) 54-81.
25) S. Catani, B. R. Webber, G. Marchesini, “QCD coherent branching and
semiinclusive processes at large x,” Nucl. Phys. B349 (1991) 635-654.
26) C. P. Fong, B. R. Webber, “Two particle correlations at small x in qcd
jets,” Phys. Lett. B241 (1990) 255.
27) C. P. Fong, B. R. Webber, “Higher Order Qcd Corrections To Hadron
Energy Distributions In Jets,” Phys. Lett. B229 (1989) 289.
28) C. T. H. Davies, B. R. Webber, W. J. Stirling, “Drell-Yan Cross-Sections
at Small Transverse Momentum,” Nucl. Phys. B256 (1985) 413.
29) E. D. Malaza, B. R. Webber, “Qcd Corrections To Jet Multiplicity Mo-
ments,” Phys. Lett. B149 (1984) 501.
30) B. R. Webber, “Average Multiplicities In Jets,” Phys. Lett. B143 (1984)
501.
31) C. T. H. Davies, B. R. Webber, “Transverse Hadronic Energy Emission
In Hard Scattering Processes,” Z. Phys. C24 (1984) 133.
32) P. E. L. Rakow, B. R. Webber, “The Quark Form-factor In Quantum
Chromodynamics,” Nucl. Phys. B187 (1981) 254.
33) P. E. L. Rakow, B. R. Webber, “Noncollinearity Of Jets In Quantum
Chromodynamics,” Phys. Rev. Lett. 43 (1979) 1695.

Resummation () WebberFest 22/09/2010 5 / 20



Bryan’s first resummation paper
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Bryan and “New Physics”

But 1979 wasn’t just the year in which Bryan started doing resummations.

The same article also included his first work on new hypothetical particles,
specifically the fluon
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Two seminal final-state resummation papers

The kt algorithm
∼ 680 citations
[see Yuri’s talk]

“CTTW”
∼ 300 citations

[this talk]
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NLL event shape resummations

For example, thrust, heavy-jet mass, jet broadening, etc.

Calculation of R(v), probability that event shape has value smaller than v :

R(v) ≃ (1 + C1αs) exp



Lg1(αsL)
︸ ︷︷ ︸

LL

+ g2(αsL)
︸ ︷︷ ︸

NLL

+O
(
αn

s L
n−1

)



 ,
L ≡ ln 1

v
,

L ≫ 1

Catani, Trentadue, Turnock & Webber ’93

Their calculations of LL function g1(αsL) and NLL function g2(αsL)
held as state of the art for 15 years.

Until N3LL thrust (except cusp) in Becher & Schwartz ’08

& heavy-jet mass: Chien & Schwartz ’10
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Some of the legacy of CTTW

CTTW

αs measurementspower corrections

CA/CF /TR

other processes

DIS

e+e− → 3 jets

DY+jet

DY/H

pp dijets

theory advances

Sudakov shoulders

N 3LL

non-global logs

DGE

automated
resummation

superleading logs final-state BFKL
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LEP αs extractions from event shapes

[OPAL ’05]

And similar results from ALPEH,
DELPHI, JADE, L3 & SLD!
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Recent event-shape αs determinations

adapted from Gehrmann ’10
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Recent event-shape αs determinations

α
s
≃

0
.
1
1
3

αs ≃ 0.124

adapted from Gehrmann ’10
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Motivation for automation

Bryan and collaborators originally resummed T , mH , BW , BT , C (twice),
y3 all for e+e− → 2 jets About one paper per observable

After the first few observables it becomes technical rather than challenging,
especially for more complex observables (broadenings) and/or processes
(e.g. multijet). . .

cf. the e+e− → 3 jet series of papers by Andrea, Giulia, Pino & Yuri

or the DIS series by Mrinal & GPS

For LHC, can we get an expert system to do the
resummation for us?
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CAESAR flow chart

Computer Automated Expert Semi-Analytical Resummer

Banfi, GPS, Zanderighi ’03–’05
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CAESAR flow chart

Computer Automated Expert Semi-Analytical Resummer

Banfi, GPS, Zanderighi ’03–’05
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Hadron-collider event shapes: what do we learn?

[Banfi, GPS & Zanderighi ’10]

 0

 0.1

 0.2

-8 -4

1−σ 
dσ−−dln y3,g

Tevatron, 1.96 TeV

pt1 > 200 GeV, |yjets| < 0.7, ηC = 1

PARTON LEVEL NO UE

NLO+NLL (all uncert.)

NLO+NLL (sym. scale uncert.)

Herwig 6.5

Pythia 6.4 virtuality ordered shower (DW tune)
Pythia 6.4 pt ordered shower (S0A tune)

TEVATRON

Tevatron at pt ∼ 200 GeV is dominated by quark scattering
Monte Carlos and (Caesar NLL + NLOJet) agree well

Resummation () WebberFest 22/09/2010 17 / 20



Hadron-collider event shapes: what do we learn?

[Banfi, GPS & Zanderighi ’10]

 0

 0.1

 0.2

 0.3

-8 -4

1−σ 
dσ−−dln y3,g

LHC, 14 TeV

pt1 > 200 GeV, |yjets| < 1, ηC = 1.5

PARTON LEVEL NO UE

NLO+NLL (all uncert.)

NLO+NLL (sym. scale uncert.)

Herwig 6.5

Pythia 6.4 virtuality ordered shower (DW tune)
Pythia 6.4 pt ordered shower (S0A tune)

LHC 14 TeV

LHC(14) at pt ∼ 200 GeV is dominated by gluon scattering
Monte Carlos seem significantly harder than NLL+NLO
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First LHC results

Resummations are for ev. shapes
defined in terms of particles:

T⊥ ∝ max
~n⊥

∑

i∈particles

~p⊥,i

First LHC measurements, from
CMS, are defined in terms of jets

T⊥ ∝ max
~n⊥

∑

i∈jets

~p⊥,i

Changes resummation dramati-
cally (often → non-global).

cf Banfi, Dasgupta et al jet azimuthal decorrelations

But even with jet-based definition, & no resummation, first LHC
results show clear discriminatory power of event shape data.
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Conclusions

To keep them short:

scope of resummation is not about

to be exhausted!
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Pictures of Bryan
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Pictures of Bryan

Clearly much happier
15 years later!
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Pictures of Bryan

Clearly much happier
15 years later!

Wishing you
even more happiness
(and fun papers)
over the years to

come!
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EXTRAS

Resummation () WebberFest 22/09/2010 21 / 20



Figures from Abbate et al. thrust analysis
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