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Figure 3: The difference between fixed order results from Event2 and the expansion of
the resummed results. The left-hand plot shows results for the coefficient of ᾱ2

s
CFCA

— the two sets of points correspond to neglecting or accounting for S. The right-hand
plot shows the coefficients of the CFTf and C2

F pieces.

broadening with respect to the thrust axis. The detailed phenomenology of the DIS
variables will be considered elsewhere [12]. It indicates that the inclusion of S reduces
the peak height (in dσ/dρ) by about 30% before matching to the O (α2

s
) calculation,

and by about 20% after matching (using an R-type matching [1]).

For the narrow-jet Kout and jet masses in multi-jet events (including hadron-hadron
event shapes) different forms will apply because of the more complicated geometry
of the underlying hard event, but the Monte Carlo algorithm described here can be
adapted to those cases as well.
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The discovery of  
non-global logarithms  
in QCD
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Mrinal Dasgupta and I overlapped as postdocs in Milan (c. 1998-1999) 

Our senior mentors (Yuri Dokshitzer, Pino Marchesini, Bryan Webber) had suggested we 
look at resummations of event shapes in DIS 

➤ DIS@HERA had a good lever-arm in Q, so interesting for studying  corrections  

➤ e+e– event shapes had been done, DIS should be straightforward — good project for 
factorising out to postdocs!

Λ/Q

2



watch out for “straightforward” 
plans…
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DIS Breit frame — event shapes measured in current hemisphere [pictures from 2403.08982 by H1, annotated] 
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Thrust: three variants 
Defined on current hemisphere particles; recoil sensitivity to remnant hemisphere
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Figure 1: Kinematics.

quarks can also be resolved along the Sudakov vectors P

and P ′. From momentum conservation,

p =
(
1 + ε′ +

∑
εi

)
P ,

p′ = ε′P +
(
1→

∑
βi
)
P ′ →

∑
kti , (2.3)

where

ε′

(
1→

∑
βi
)

=
(∑

#kti
)2

/Q2 . (2.4)

The initial quark is assumed to be collinear with the proton direction and is therefore

aligned along P (neglecting possible ‘intrinsic’ transverse momentum).

2.1 Thrust normalised to Q/2, TQ

Consider first the thrust TQ, defined by the sum of longitudinal momenta in the

current hemisphere normalised to Q/2:

TQ =
2

Q

∑

a∈HC

pza =
2

Q

(

p′z +
∑

i∈HC

kzi

)

, (2.5)

where the index a run over all partons and the the index i runs only over emitted

partons. We have assumed that the outgoing quark momentum p′ lies in the current
hemisphere, because the consideration of the non-soft, non-collinear emissions that
would result in this not being true is beyond our concern in the present case. We

have

τQ ≡ 1→ TQ =
∑

βi →
∑

HC

(βi → εi) + ε′

=
∑

HR

βi +
∑

HC

εi + ε′ =
∑

min{εi, βi}+ ε′ . (2.6)

Where not explicitly stated, the sums extend over all emitted partons, irrespective
of which hemisphere they are in. Here the contribution from those partons that are

not directly in the current hemisphere arises through the recoil effect that they have
on the current quark.
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full event hemisphere hemisphere
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How do you test your resummation? An example from e+e– Broadening

➤ Expand your all-order resummation to order  

➤ Run a NLO calculation (EVENT2) for the differential 
distribution 

➤ Take the difference. If you’re really NLL, , ,  
should coincide with NLO  

➤ All that’s left is a constant term , i.e. a flat curve

α2
s

α2
s L3 α2

s L2 α2
s L

α2
s
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the coefficient of terms α2
s ln

m 1/B with m = 2, 3, 4. To verify this, in fig. 1, we plot as a function

of B the differences

δs−log
i (B) →

d I2!i (B)

d lnB
−

d Is−log
i (B)

d lnB
,

δd−log
i (B) →

d I2!i (B)

d lnB
−

d Id−log
i (B)

d lnB
,

with I2!i (B) obtained from EVENT2, Id−log
i (B) obtained from the expansion of the resummed

result to double-logarithmic accuracy (α2
s ln

m 1/B with m = 3, 4) and Is−log
i (B) to single loga-

rithmic accuracy (α2
s ln

m 1/B with m = 2, 3, 4). The comparison is made within the MS scheme,

and with I normalised to the Born cross section rather than the total cross section (as this is

what is supplied by the EVENT2 program). We show only the coefficient of the (αsCF /2π)2

part of δi, as this is the only component modified by our new treatment of quark recoil.
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Figure 1: The coefficient of the (αsCF /2π)2 component of the difference, δi(Bi), between the numerical
two-loop calculation of the B-distribution, performed with EVENT2, and the expansion to single and
double logarithmic accuracies of the resummed result. Shown for the total and wide broadenings.

The quantity δd−log
i (B) is of order α2

s ln 1/B, corresponding to the absence in Id−log
i (B) of

the α2
s ln

2 1/B term. Meanwhile, δs−log
i (B) is of order α2

s , indicating that in I we have correctly

taken into account the α2
s ln

2 1/B term.

5.2 Matching

When comparing with experimental data one often chooses to match the resummed calculation

with a full second order calculation (as for example from the EVENT2 program). Here we give

only a brief summary of two main matching procedures (log-R and R matching schemes) and

refer the reader to [7] for detailed information.
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Our first DIS attempt: two variants of DIS thrust
➤ PDFs made things 

more complicated 

➤ different terms 
according to 
incoming channel 

➤ two different codes, 
didn’t agree 

➤ within stat. 
fluctuations, 
DISASTER++ 
looked “flat 
enough”
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hep-ph/9912488
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More observables, further progress was not smooth…
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Date: Mon, 28 Aug 2000 19:22:44 +0200 (CEST) 
Subject: yuck 
From/To: ❋ 

I was just looking at some disaster results with the new fixed order coeffs. […] 

On rho and tau_tE things look OK in the gluon sector. But the quark sector is a bit 
disastrous: are we sure of our formulas? The only other possibility is that things 
are very non-asymptotic... There is some evidence of this in the gluon sector (the 
region where things flatten out is precisely where stats go to hell in the q sector, at 
least for rho -- less so for tau_tE).

❋: if From/To are missing, it’s an email between Mrinal and myself, not specifying who sent/received
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Date: Sat, 10 Feb 2001 00:45:24 
From/To: ❋ 
 
[…] I will write up the letter. I will couch the missing pieces of the resummation in such a 
way that no one will eve[r] know how hopelessly stuck we are.
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al plots 
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Looking elsewhere [one of us as a referee] gave us a clue

11ar
X

iv
:h

ep
-p

h/
01

01
22

6v
2 

 2
4 

A
pr

 2
00

1
Preprint typeset in JHEP style. - PAPER VERSION

LUTP/01/03, DCTP/01/06, IPPP/01/03, hep-ph/0101226

Resumming the Light Hemisphere Mass and

Narrow Jet Broadening distributions

in e+e− annihilation∗

S. J. Burbya and E. W. N. Gloverb

aDepartment of Theoretical Physics, Lund University,

Sölvegatan 14A, S-223 62 Lund, Sweden

bDepartment of Physics, University of Durham, Durham DH1 3LE, England

E-mail: Stephen@thep.lu.se, E.W.N.Glover@durham.ac.uk

Abstract: We present predictions of two event shape distributions, the light hemi-

sphere mass and the narrow jet broadening, to next-to-leading logarithmic order.
We apply the coherent branching formalism to resum the leading O(αn

sL
2n−1) and

next-to-leading O(αn
sL

2n−2) infrared logarithms to all orders in the coupling con-
stant. We include the recently calculated non-logarithmic next-to-leading order con-

tributions. Applying simple power corrections to the resummed result gives good
agreement with the available data from LEP.

Keywords: QCD, Jets, LEP HERA and SLC Physics, NLO and NNLO
Computations.

∗Work supported in part by the UK Particle Physics and Astronomy Research Council and by
the EU Fourth Framework Programme ‘Training and Mobility of Researchers’, Network ‘Quantum
Chromodynamics and the Deep Structure of Elementary Particles’, contract FMRX-CT98-0194
(DG 12 - MIHT).

hep-ph/0101226

http://arxiv.org/abs/hep-ph/0101226


PSR, Manchester, July 2026Gavin Salam

Looking elsewhere [one of us as a referee] gave us a clue
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Date: Fri, 9 Mar 2001 23:31:28 +0100 (CET) 
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[in Event2] in e+e- for the single-hemisphere mass there is also a problem in the CF.CA piece 
(other pieces seem to work reasonably well). It looks very much of the same order as the DIS 
problem. […]
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Looking elsewhere [one of us as a referee] gave us a clue
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If Burby & Glover follow the suggestion of studying event2 they will soon see that they have one 
HELLUVA problem in the CF.CA piece […] they may realise where it's coming from and resum it 
before us...
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The core result at fixed order

13
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Figure 1: Kinematic configurations of interest

It is straightforward to exactly compute the first non-trivial term S2 and this is done
in the following section. The full computation of S involves considering an ensemble of
an arbitrary number of large-angle energy-ordered soft gluons in HL, which coherently
emit a single, softer gluon into HR. For reasons elucidated later it is difficult to carry
out an all-orders treatment of such an effect analytically. We therefore opt to treat these
effects using a Monte Carlo algorithm valid in the large-NC limit. This is outlined in
section 3 and further details are given in the appendix.

Finally in section 4 we compare our results to the O (α2
s
) predictions of Event2.

Phenomenological predictions including this effect will be shown elsewhere [12].

2 Fixed order calculation

First we calculate the contribution to the jet-mass distribution from the configuration
in figure 1b, considering the right-hemisphere jet for concreteness. We introduce the
following particle four-momenta

ka =
Q

2
(1, 0, 0, 1) , (6a)

kb =
Q

2
(1, 0, 0,→1) , (6b)

k1 = x1
Q

2
(1, 0, sin θ1, cos θ1) , (6c)

k2 = x2
Q

2
(1, sin θ2 sinφ, sin θ2 cosφ, cos θ2) , (6d)

where we have labelled the quark and antiquark as a and b and defined energy fractions
x1,2 " 1 for the two gluons. We have ignored recoil in the kinematics, because the
jet-mass is insensitive to it.

When gluon 2 is in HR the jet mass has the value ρ = x2(1→ cos θ2)/2. When only
the quark is in HR, ρ = 0.

We write the matrix element for ordered two-gluon emission as (see for example [13])

3

W = 4CF

(ab)

(a1)(1b)

(
CA

2

(a1)

(a2)(21)
+

CA

2

(b1)

(b2)(21)
+

(
CF →

CA

2

)
(ab)

(a2)(2b)

)
(7a)

= C2
FW1 + CFCAW2 , (7b)

where (ij) = ki · kj. The result is valid for 1 " x1 " x2 as well as for the opposite
ordering of the gluons, and furthermore is completely symmetric under interchange of
k1 and k2. We have however chosen to write it in an asymmetric form to emphasise
the dipole structure of the emissions, namely radiation of gluon k1 from the ab dipole,
followed by the radiation of gluon k2 from the a1, 1b and ab dipoles.

The C2
F piece of the matrix element, W1 corresponds to independent gluon emission

and is included in the usual resummation of the quark jet-mass, i.e. in Σq of eq. (4). To
study specifically the modification relative to the standard quark-jet mass result due to
configurations like that shown in figure 1b, one must consider the CFCA part, W2, of
the emission probability above.

The integral to be considered, related to the probability for the jet mass to be less
than ρ, is then

→ CFCA

(αs

2π

)2 ∫ 0

−1

dcos θ1

∫ 1

0

dcos θ2

∫ 2π

0

dφ1

2π

∫ 2π

0

dφ2

2π

Q4

16

∫ 1

0

x2dx2

∫ 1

x2

x1dx1Θ
(x2

2
(1→ cos θ2)→ ρ

)
W2 , (8)

whose dominant term at small ρ is S2 ᾱ2
s
ln2 1/ρ.

The integrals over the energy fractions are straightforward. Keeping only the ln2 1/ρ
piece and performing the azimuthal average we have

S2 = →2CFCA

∫ 1
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∫ 0

−1

dcos θ1 Ω2(cos θ1, cos θ2) , (9)

where the angular function Ω2 is

Ω2 =
2

(cos θ2 → cos θ1)(1→ cos θ1)(1 + cos θ2)
. (10)

Integrating over the polar angles we obtain

S2 = →CFCA

π2

3
. (11)

We note that possibly related “π2” terms have been discussed in [14].
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Figure 3: The difference between fixed order results from Event2 and the expansion of
the resummed results. The left-hand plot shows results for the coefficient of ᾱ2

s
CFCA

— the two sets of points correspond to neglecting or accounting for S. The right-hand
plot shows the coefficients of the CFTf and C2

F pieces.

broadening with respect to the thrust axis. The detailed phenomenology of the DIS
variables will be considered elsewhere [12]. It indicates that the inclusion of S reduces
the peak height (in dσ/dρ) by about 30% before matching to the O (α2

s
) calculation,

and by about 20% after matching (using an R-type matching [1]).

For the narrow-jet Kout and jet masses in multi-jet events (including hadron-hadron
event shapes) different forms will apply because of the more complicated geometry
of the underlying hard event, but the Monte Carlo algorithm described here can be
adapted to those cases as well.
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Figure 2: Left: the kind of diagram which must be considered in the calculation of S.
Right: the same diagram represented in the large-NC limit, with gluons shown as pairs
of colour lines and quarks as single colour lines.

Such a branching pattern can be very naturally implemented using a Monte Carlo
algorithm. At first sight one might envisage calculating the two factors in (14) sepa-
rately, using the FC to generate the distribution of radiation for each new configuration.
However because of the collinear divergence along the direction of the quark in HR,
only a tiny fraction of events would be free of emissions in HR and so contribute to the
sum in (14). The sum would therefore have a large relative error, which would translate
to a large absolute error on S because of the division by the small quantity

√
∆ab(L).

Instead a more efficient procedure involves moving the division by
√
∆ab(L) directly

into the calculation of the PC. This can be achieved using a modified radiation intensity,
F̃C (for both the emissions and the virtual corrections),

F̃C(θ,φ) = FC(θ,φ)→ Fab(θ,φ)Θ(θ) , (16)

where one subtracts out the radiation intensity Fab which would have been produced by
the original qq̄ pair (in the large-NC limit). One calculates quantities P̃C using analogs
of eqs. (12) and (13) with FC replaced by F̃C and then S is simply given by

S(αsL) =
∑

C|HR empty

P̃C(L) . (17)

It should be kept in mind that since F̃C is negative in certain regions of phase space
one loses a strict probabilistic interpretation for the P̃C. Nevertheless the sum over
configurations is well-defined and meaningful.

The exact details of the Monte Carlo algorithm are given in the appendix. Here we
restrict ourselves to giving a parameterisation for S obtained by fitting to the Monte
Carlo results:

S(αsL) " exp

(
→CFCA

π2

3

(
1 + (at)2

1 + (bt)c

)
t2
)
, (18)

with

t(αsL) =
1

2π

∫ 1

e−L

dx

x
αs(xQ) =

1

4πβ0
ln

1

1→ 2β0αsL
, (19)

6

where β0 = (11CA → 2nf )/(12π) and

a = 0.85CA , b = 0.86CA , c = 1.33 . (20)

The parameterisation should be accurate to the order of a few percent (better in most
of the region) for t < 0.7, corresponding to 1→ 2αsβ0L ! 0.005.4

Actually, for the purposes of the fit one replaces CFCA in (18) with C2
A/2 since the

Monte Carlo works in the large-NC limit. But for use in phenomenology one wishes to
have the exact colour structure at least at O (α2

s
), hence the use of CFCA in (18).

4 Checks and conclusions

It is useful to check our results against fixed order results from the next-to-leading order
Monte Carlo program Event2 [10]. First it is necessary to determine the constant terms

C(q)
1 and C(g)

1 , which are obtained by requiring consistency between (4) and a full O (αs)
calculation. It is straightforward to show that they are given by

C(q)
1 =

1

2
(Cτ

1 → r3) , C(g)
1 =

r3
2
, (21)

where Cτ
1 is the constant determined for the thrust in [1] and ᾱsr3 is the probability of

there being a hard gluon along the thrust axis, as given in [7]:5

r3 = CF

(
2 ln2 2→

5

4
ln 3 + 4Li2

(
→
1

2

)
+

π2

3
→

1

6

)
" 0.917CF . (22)

The plots in figure 3 show the difference between the O (α2
s
) exact and resummed

distributions. To NLL accuracy we aim to account for terms down to α2
s
L2 in Σ and

therefore α2
s
L in the distribution. Accordingly the difference should be independent of

ρ for small ρ. One can see that this is the case for each individual colour factor. We
also show that without the contribution S calculated in this paper the CFCA part of
the result is not consistent with Event2.

Using eq. (3) it is possible to combine our results for the single-hemisphere mass
together with those of [1] for the heavy-jet mass in order to obtain predictions correct
to single-log level for the light-jet mass (including the appropriate C1 terms).

We point out that the form computed for S applies to all single-hemisphere 2-jet
event-shapes that for large-angle gluons have a value of the order of the transverse
momentum: in e+e− this means the hemisphere broadening (for the constant terms a
relation analogous to (21) applies, with Cτ

1 replaced with CBT

1 ). In DIS our form for
S applies to the current hemisphere jet-mass, the C-parameter, and the thrust and

4The accessible range of t is limited by two issues: firstly only a small fraction of events are generated
at large t, requiring considerable statistics in order to investigate that region; and secondly because an
accurate determination of S at large t requires a very small angular cutoff, which leads to there being
many dipoles in an event, and a consequent slowing down of the evolution.

5Only in the hep-ph arXiv version 1.
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So it is necessary to correct Σq for the fact that the emission pattern is not that from

a qq̄ pair, but in general that from an ensemble that can contain any number of energy-

ordered large-angle gluons in HR. At the two gluon level shown in fig. 1b the correction to

Σq is of the form

→CFCA
ω2

3

(
ᾱs

∫ 1

τ

dkt
kt

)2

, (4.3)

where the double integration over transverse momentum is associated with the relevant kt
ranges of A and B.

At all orders, the contribution from non-global effects can be written as a function

S(t) where t is given by

t =

∫ 1

τ

dkt
kt

αs(kt)

2ω
. (4.4)

This function S(t) has been calculated numerically in the large Nc limit in [28] and progress

in understanding the dynamics associated with its all-orders form has been made in [29,36].

4.2 Discontinuously global observables

While the definition given above for

HCHR
kt zE

ln kt

η

kt ∼ (τzE )½

 ∼ τ

A

B

Figure 2: Analogue of fig. 1, shown for a discon-
tinuously global observable, the photon-axis thrust,
normalised to the energy in HC, τzE .

a non-global observable is sufficient to

ensure the presence of non-global loga-

rithms, the converse is not true: it turns

out that there exist observables that are

global, but which are nonetheless sub-

ject to non-global logarithms.

An example is τzE whose value is

τzE " 2

∣∣∣∣∣

∑

i

$kt,i

∣∣∣∣∣

2

+ 2
∑

i

kt,ie
−|ηi|Θ(ηi) .

(4.5)

The region of phase space to be excluded

for the observable to have smaller than

some given small threshold is shown in

fig. 2. The whole angular extent of phase

space is relevant, so the observable is

global. However the dependence of the

observable on emissions in HR and HC is

parametrically different, going as k2t and kt respectively. To denote this kind of observable,

we introduce a new term: a discontinuously global observable. This is defined as being an

observable, which, while sensitive to emissions in the whole angular reach of phase space,

has a parametric dependence on kt (or energy) which changes discontinuously across one

or more boundaries in angle.5

5Strictly speaking the parametric dependence may actually change smoothly, as long as the regions of
different parametric dependence are separated by a limited region in angle.

– 11 –

probability of a sufficient cancellation in the vector sum. However as discussed in [22], at

sufficiently small values of the broadening the favoured mechanism for obtaining a small

value of BzE is the cancellation in the vector sum, rather than the suppression of emissions.

In such a situation non-global logarithms will arise.

In [22] we addressed the issue of this vector cancellation in some detail, showing that

it was associated with a divergence in the pure NLL resummation and discussing how

to improve the resummation to maintain the accuracy of there being only relative O (ωs)

corrections in the R′ → 1 region. However that treatment is incomplete since it did not take

into account the non-global logarithms that arise in this context due to the dynamically

discontinuous globalness.

From a phenomenological point of view, it is perhaps fortunate that these issues become

relevant only considerably to the left of the Sudakov peak, a region that we ignore in the

comparisons to data shown later. Indeed in the fits to data we use the pure NLL resummed

formula for the broadening, for which there are no non-global logarithms.

4.4 Phenomenological impact of non-global logs

In figure 3 we illustrate the effect of
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Figure 3: Resummation with and without non-
global logs (shown without matching to fixed order).

non-global logarithms in the resumma-

tion of ρE (other non-global observables

are similar). The figure compares (un-

matched) resummations with and with-

out account of non-global logs. One sees

that neglecting them leads to an overes-

timate of the peak-height by almost 50%,

though elsewhere in the distribution, the

effect is smaller. In practice, matching to

fixed-order calculations reduces the im-

pact of neglecting the non-global loga-

rithms, but the effects are still of the or-

der of 20 to 30%.

The effect of non-global logs in the

discontinuously global observable τzE (not

shown), is found to be smaller, at about

the 10% level. This is consistent with

the naive expectation (cf. section 4.2) of a reduction by a factor of four compared to the

non-global case. In section 9 we examine the effect of the non-global logarithms in fits for

ωs and the non-perturbative ω0 parameter.

5. Singularities other than at V = 0

The main aim of this paper is to discuss the resummation of the singular behaviour of

distributions around V = 0. However, as was pointed out in [30] there can also be singular

behaviour inside the phase space of certain observables, the notable example in e+e−

– 13 –
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– 13 –

100

101

102

103

104

105

0 0.2 0.4 0.6 0.8 1

1/
σ

 d
σ

/d
C

E

CE

Q=15.0

Q=17.8

Q=23.6

Q=36.7

Q=57.9

Q=81.3 NLL + 1/Q
H1

100

101

102

103

104

105

106

0 0.1 0.2 0.3 0.4

1/
σ

 d
σ

/d
τ t

E

τtE

NLL + 1/Q
H1

100

101

102

103

104

105

0 0.2 0.4 0.6 0.8 1

1/
σ

 d
σ

/d
τ z

E

τzE

NLL + 1/Q
H1

100

101

102

103

104

105

106

0 0.1 0.2 0.3 0.4 0.5

1/
σ

 d
σ

/d
B z

E

BzE

NLL + 1/Q
H1

Figure 10: H1 data for CE , ωtE , ωzE and BzE , compared to theoretical distributions, fitted
separately for each observable using data with Q > 30 GeV (red (darker-grey in B&W) round
points only). In the fits for Q > 20GeV, discussed in the text, the green (lighter-grey in B&W)
square points are also used. For clarity, points in the same variable-bin but at different Q values
are staggered.

Q values, the statistical weight of the →Q〉 = 23.6 GeV data points is comparable to and

sometimes even larger than that from all the higher-Q bins combined. Its inclusion leads

to a significant reduction in the consistency between different observables, though α0 is

still variable-independent to within ±10%.

The decrease in consistency as one one goes to lower Q, both between observables and

compared to the world average for αs, could well be due to the relatively more important

role of higher order contributions at lower Q, whether in the form of αs(Q)/Q or 1/Q2

– 33 –

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.11 0.115 0.12 0.125 0.13

α
0

αs

τtE

ρE

CE

τzE

BzE

Q > 30 GeV

(a)
0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.11 0.115 0.12 0.125 0.13

α
0

αs

τtE

ρE

CE

τzE
BzE

Q > 20 GeV

(b)

Figure 11: 1-ω contours for fits to the five event shapes measured by H1. Asymmetric systematic
errors have been averaged and added in quadrature to the statistical errors. For plot (a), the points
fitted are those shown as red circles in figures 9 and 10, while the fit for plot (b) includes additionally
the green points (squares) of those figures.

V αs α0 χ2/d.o.f.

ρ 0.1199 ± 0.0027 0.452 ± 0.030 90.4/40

CE 0.1205 ± 0.0029 0.435 ± 0.021 25.7/17

τtE 0.1165 ± 0.0039 0.479 ± 0.032 11.9/14

τzE 0.1236 ± 0.0067 0.462 ± 0.121 11.0/23

BzE 0.1257 ± 0.0048 0.469 ± 0.073 6.7/21

Table 3: Fit results and χ2 values using data with Q > 30 GeV.

non-perturbative effects or NNL perturbative contributions. It would be of considerable

interest to have higher-precision data at the larger Q values so as to be able to trace such

effects in a continuous fashion and perhaps even identify their origin.

In this context we note that the apparent more limited consistency between observables

in fits to DIS mean values [24, 25] might be due to the inclusion of very low Q data. To

establish whether this is truly the explanation, there is a need for higher statistics in order

to be able to carry out a meaningful fit using just the higher-Q mean values.

A point of some interest is that it is the observables measured with respect to the

photon axis that are less consistent with the world average for αs (giving larger values).

The fact that these observables are directly sensitive to the transverse momentum of the

incoming parton leads one to wonder whether we are seeing the early onset of some small-x

effect or of an ‘intrinsic’ transverse momentum of the proton. An extension of measurements

and theoretical predictions to a wider range of observables might therefore be of interest,

in particular for observables which exist in ‘thrust-axis’ and ‘photon-axis’ variants (in

analogy to the two thrusts), such as the broadenings (i.e. BtE as well as BzE) and the

thrust majors. Theoretical predictions for the latter would probably need to use the semi-
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= 1/2 - 1/(2Nc)

Figure 2: Color identity corresponding to Eq. (30).

The step to the anomalous dimensions is trivial, following Eqs. (26) and (32). We define

Γ(ij) → −ω ε(ij) . (34)

Then we may summarize the full anomalous dimension matrices (32) in terms of the following
combinations,

α(f) → Γ(AB, f) + Γ(12, f),

β(f) → Γ(A1, f) + Γ(B2, f),

γ(f) → Γ(A2, f) + Γ(B1, f). (35)

In the basis (27), the anomalous dimension matrix for the process qq̄ → qq̄ is given by

Γ(qq̄→qq̄)
S =





CFβ(qq̄→qq̄) CF

2Nc

(

α(qq̄→qq̄) + γ(qq̄→qq̄)
)

α(qq̄→qq̄) + γ(qq̄→qq̄) CFα(qq̄→qq̄) − 1
2Nc

(

α(qq̄→qq̄) + β(qq̄→qq̄) + 2γ(qq̄→qq̄)
)



 . (36)

Here and below, we have suppressed the arguments of the momentum factors, α, β and γ for
compactness, but they all depend on η̂ and on Ω. The color decomposition for the process qq̄ → q̄q
is the same as above, Eq. (36). The momentum parts change, however: β(qq̄→q̄q) = −γ(qq̄→qq̄) and
γ(qq̄→q̄q) = −β(qq̄→qq̄).

Similarly, for qq → qq in the basis (28), we have

Γ(qq→qq)
S =





CFβ(qq→qq) CF

2Nc

(

α(qq→qq) + γ(qq→qq)
)

α(qq→qq) + γ(qq→qq) CFγ(qq→qq) − 1
2Nc

(

2α(qq→qq) + β(qq→qq) + γ(qq→qq)
)



 . (37)

Note that certain momentum factors for quark-quark and quark-antiquark differ by signs, due
to the eikonal Feynman rules (see below, Sec. 3.2).

For qq̄ → gg we find in the basis (29),

Γ(qq̄→gg)
S =









CFΓ(AB) + CAΓ(12) 0 1
2 (β + γ)

0 ξ Nc

4 (β + γ)

β + γ N2
c−4
4Nc

(β + γ) ξ









, (38)

where ξ → Nc

4 (β − γ)− 1
2Nc

Γ(AB)+ Nc

2 Γ(12). Here we have suppressed the superscripts, and define

the Γ(ij), as well as α, β and γ for qq̄ → gg to be the same as those above for qq̄ → qq̄. We
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To: George Sterman <sterman@insti.physics.sunysb.edu> 
Date: 10 Oct 2021 
 
Dear George, 
 
A few months ago Mrinal Dasgupta and I came across some single logs that arise in the 
resummations of observables which measure energy flows in restricted angular 
regions ("non-global" observables) -- they come from secondary emissions off primary 
emissions outside the observed region. They'd been neglected a couple of times before, 
and are quite subtle, because they only start at O(as^2 L^2). In the large-NC limit we 
managed to resum them numerically, hep-ph/0104277, but that's about as far as we 
got. 
 
We were wondering if you have any thoughts about this kind of contribution... 
 
One context in which they could well arise is the sort of observable that you propose in 
hep-ph/0110004, because of the cuts at large angles. 
 
Best regards, 
Gavin & Mrinal
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Date: Fri, 25 Jan 2002 12:28:07 +0100 (MET) 
From/To: ❋ 
 
I think we should market the non-global stuff a lot because I had to convince Pino 
[Marchesini] over 3 days that what one had done was useful. In the end he was 
very interested…
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Date: Fri, 25 Jan 2002 12:28:07 +0100 (MET) 
From/To: ❋ 
 
I think we should market the non-global stuff a lot because I had to convince Pino 
[Marchesini] over 3 days that what one had done was useful. In the end he was 
very interested…

Date: Fri, 25 Jan 2002 12:40:01 +0100 (CET) 
From/To: ❋ 
 
That Pino is interested (at last!) is good news -- though I'd sort of assumed he 
already knew about it since we talked about it a couple of  times (I thought) in 
Milan. I was sort of surprised that Bryan also was unaware of it when I saw him 
briefly at CERN a couple of months ago
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Date: Wed, 20 Feb 2002 09:06:14 +0000 (GMT) 
From: Bryan Webber <webber@hep.phy.cam.ac.uk> 
To: Mrinal Dasgupta <dasgupta@mail.desy.de>,    
       Gavin Salam <salam@lpthe.jussieu.fr> 
Subject: Re: Advice 
 
Hello Mrinal & Gavin, 
 
[…] 
 
Stefano Catani and I were aware that the J function doesn't describe the jet mass 
distribution according to any (simple) operational definition of a jet, but only 
when part of a suitably global observable. I'm not sure we could define "suitably 
global" but just checked on a case-by-case basis. But that's why we never published 
the NLL resummation of the Durham (or any other) 2-jet fraction. 
 
I think you should go ahead and write a short note on this a.s.a.p. […]
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(a) Ω (b) Ω (c) Ω

Figure 1: (a) veto on primary emissions going into Ω; (b) veto on energy-ordered secondary
emission going into Ω; (c) veto on emissions going into Ω that are radiated coherently from the
ensemble made up of all (much) harder emissions not going into Ω.

definitions of diffraction based on energy cuts [3, 4] (or multiplicity cuts), there is another

class of single-logarithmic (SL) terms which must be accounted for. To be more specific it

was shown in Ref. [6] that for any observable that is sensitive to radiation in only a part

of phase space — a non-global observable — it is necessary to account for secondary and

higher emissions (as defined below) to obtain an answer correct to SL accuracy.1

To illustrate this point better we turn to figure 1, which for simplicity refers to a 2-jet

event, though the logic remains the same for the case with several hard jets. It shows a

patch Ω in rapidity and azimuth into which the total (transverse) energy flow is restricted

to be less than some small amount QΩ. There are various sources of SL terms. One source

comes from vetoing ‘primary’ emissions which fly directly into Ω, figure 1a, where primary

means that their radiation pattern corresponds to that for the antenna associated with

the two hard jets. The lowest-order contribution of this kind comes from an incomplete

cancellation between real and virtual terms and gives →2αsCF
π AΩ ln Q

QΩ
, where Q is the

hard scale of the problem and AΩ relates to the area of Ω.

A second source of SL terms comes from diagrams such as figure 1b. Here we have

a large-angle2 primary emission which flies outside Ω, with energy Q1, such that Q "

Q1 " QΩ — this gives us one power of αs ln
Q
QΩ

. Forbidding it from radiating a secondary

emission into Ω gives powers of αs ln
Q1

QΩ
, which after integration over Q1 translate into

a set of SL terms, (αs ln
Q
QΩ

)n. This kind of term has been neglected in [2–4], as well as

in several other contexts [7–9]. To correctly account for it at all orders it is necessary to

consider soft emission into Ω which is coherently radiated from arbitrary ensembles of soft

(but harder), large-angle energy ordered gluons outside of Ω, figure 1c, rather than just the

hard initiating jets in the picture. For simplicity we call this kind of emission a secondary

emission, though this is only a figure of speech, since it is coherently radiated from external

ensembles which may consist of primary, secondary, tertiary, etc. gluons. In general we refer

to the class of terms generated by such contributions as non-global logarithms.

In earlier work [6] we calculated such terms for observables sensitive to radiation in a

single hemisphere of a two-jet event. This was done exactly to second order in αs ln
Q
QΩ

,

1Another context in which non-global terms would be relevant is if one were to attempt to carry out

a resummation to single-logarithmic accuracy for certain kinds of isolation criteria for isolated photons.

However we are not aware of any such resummation being currently in existence.
2Strictly speaking, large-angle means of the same order as the angles involved in the definition Ω — if

Ω has a boundary at a small angle to a hard-parton axis, then large-angle can actually mean ‘of the same

order as that small angle.’
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where the term proportional to δη in the exponent stems from the suppression of primary

emission in the ‘buffer’ bands. Rewriting (4.1) as a differential equation, we have

δ lnS

δt
= →8CF t

〈

δη

δt

〉

. (4.2)

The factor 〈δη/δt〉 can be understood as the average ‘speed of motion’ (probably propor-

tional to CA) of the border between regions with and without emissions (i.e. of the edge

of the buffer). The resulting form for S is

S(t) ↔ e→4CF t2〈 δη
δt 〉 , (4.3)

where we have (arbitrarily) assumed
〈

δη
δt

〉

to be independent of t.

One of the features of this mechanism

Ω ηbuffer

η

φ

Figure 4: A possible structure for emissions
harder than some intermediate resolution scale
t′ for an event in which Ω stays empty down to
some scale t > t′. In this scenario, at scale t′

an empty buffer region exists between Ω and the
emission closest to Ω.

is that resolving only those emissions harder

than some intermediate scale t’, one will see

an extended empty buffer region surround-

ing Ω, as in figure 4 (shown for one side of

a wide slice). The typical size of this buffer

region should be of the order of

ηbuffer % (t→ t′)

〈

δη

δt

〉

. (4.4)

It is the suppression of intermediate-scale

primary radiation in the buffer region which

is responsible for the strong suppression of

S(t) at large t, eq. (4.3).

An important consequence of the existence of such a buffer region is that the large-t

behaviour of S(t) would be independent of the shape and size of Ω. This is because at

large t the edges of the buffer region will be far from Ω and so the details of Ω can have no

influence on the dynamics at the edge of the buffer. This independence on the geometry of

Ω, together with the explicit observation of a buffer region, would allow us to distinguish

the buffer mechanism from the alternative mechanism proposed at the beginning of this

subsection.

4.2 Numerical results

We mentioned above that there are two main problems in obtaining all-order results. One

is the complexity of the colour algebra in the presence of large numbers of gluons. This can

be eliminated by taking the large-NC approximation, in which the squared matrix element

radiation can be broken down into a sum of independent terms each associated with a

different colour dipole [11].

The second source of complexity is the geometry of multi-gluon events, which we

treat using a Monte Carlo algorithm like that discussed in [6], which essentially models a

tree-like sequence where a colour dipole emits a gluon, thus branching into two dipoles,
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each of which may themselves go on to emit (there is a similarity to the Ariadne event

generator [12]). However unlike a Monte Carlo event generator such as Ariadne, our method

has the property that it gives results which are purely a function of t (eq. (2.6)), and

therefore contain just the piece which is guaranteed to be correct, namely the leading

logarithmic piece.

The Monte Carlo algorithm returns a function SMC(t) in the large-NC limit. We choose

to correct this function so that at least at order α2
s the result is correct beyond the large-NC

approximation. Accordingly, in what follows, we shall consider

S(t) = [SMC(t)]
2CF
CA , (4.5)

rather than SMC itself.
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Figure 5: A comparison between (a) the full result for S and (b) the simple exponentiation of S2.
Beyond t = 0.5 the differences between the curves for the finite and infinite slices are not significant
compared to the statistical and systematic errors involved in the determination of S.

In figure 5a we show the function S(t) for three different geometries for Ω: a square

patch in rapidity and azimuth (∆η = ∆φ = 2), a finite slice in rapidity (∆η = 1) and

an infinite slice in rapidity. We extend the t scale beyond the phenomenologically relevant

region in order to better illustrate the general features of S in the different cases. The right-

hand plot, figure 5b shows what would be obtained if there were a simple exponentiation

of the S2 term, S → exp(S2t2).

There are various points to be noted: firstly, as t increases, S decreases with a behaviour

roughly consistent with a Gaussian suppression, at least for t ! 0.5. Secondly, at large t,

though the normalisation of S(t) depends on the geometry of Ω, its behaviour in t seems

to be universal. This is to be compared to the geometry dependence that would be present

if the all-orders result stemmed from a simple exponentiation of the S2 term, fig. 5b. We

note that up to t → 0.5, there is a strong similarity between the actual t-dependence and
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emission in the ‘buffer’ bands. Rewriting (4.1) as a differential equation, we have
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of the buffer). The resulting form for S is
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It is the suppression of intermediate-scale

primary radiation in the buffer region which

is responsible for the strong suppression of

S(t) at large t, eq. (4.3).

An important consequence of the existence of such a buffer region is that the large-t

behaviour of S(t) would be independent of the shape and size of Ω. This is because at

large t the edges of the buffer region will be far from Ω and so the details of Ω can have no

influence on the dynamics at the edge of the buffer. This independence on the geometry of

Ω, together with the explicit observation of a buffer region, would allow us to distinguish

the buffer mechanism from the alternative mechanism proposed at the beginning of this

subsection.

4.2 Numerical results

We mentioned above that there are two main problems in obtaining all-order results. One

is the complexity of the colour algebra in the presence of large numbers of gluons. This can

be eliminated by taking the large-NC approximation, in which the squared matrix element

radiation can be broken down into a sum of independent terms each associated with a

different colour dipole [11].

The second source of complexity is the geometry of multi-gluon events, which we

treat using a Monte Carlo algorithm like that discussed in [6], which essentially models a

tree-like sequence where a colour dipole emits a gluon, thus branching into two dipoles,
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In the quantity ∆ the argument of the running coupling ωs is determined by

the successive hard emission contributions and cannot be determined in the present
analysis. Detailed analysis [13] shows that, in the physical scheme, it is given by the

transverse momentum relative to the ab-dipole which here can be approximated by
the energy since the contributions to this radiator come from large angle emission.

For small Eout we can evaluate ∆ by the standard SL approximation

1→ e→ωω " Θ(ω → eγEν→1) " Θ(ω →Eout) , ∆ "
∫ E

Eout

dω

ω
ω̄s . (4.7)

The radiator R(0)
ab is then the contribution from the virtual parton in the Cout phase

space with energy ω >∼ Eout. For fixed ωs we have ∆ " ω̄s lnE/Eout.
The evolution equation (4.4) does not generate any collinear logarithms, either

from the bremsstrahlung factor rab (since the region Cout does not include pa or pb)
or from the integral term in the second line of (4.4). The latter is collinear regular
due to cancellation between the branching Gak · Gkb and the virtual →Gab terms.

Indeed, for k collinear to pa one has Gak → 1 and Gkb → Gab so that the sum in the
square brackets vanishes and regularizes the singularity of wab(k). Since only soft

singularities remain, the leading terms of Gab are SL contributions.
To SL order, we can replace u(k) by Θin(k) in the integral term of (4.4). To show

this observe that the remaining piece e→ω/Eout Θout(k) of the source contributes with
energy ω <∼ Eout (see (4.7)) while the softest gluon, which contributes to R(0)

ab , has a
typically larger energy (ω >∼ Eout). We conclude that the soft secondary branching

takes place in Cin and only the final parton enters the interjet region Cout and here it
contributes only with the virtual correction with energy ω >∼ Eout.

By replacing u(k) → Θin(k) in the branching term of (4.4) we have that the
distribution Gab depends on E and Eout only through the function ∆. We then can
replace Gab(E,Eout) → Gab(∆) and obtain, to SL accuracy,

∂∆ Gab(∆)=→rab Gab(∆) +

∫

Cin

d2Ωk

4π
wab(k) [Gak(∆) ·Gkb(∆)→Gab(∆) ] , (4.8)

with the initial condition Gab(∆=0)=1. The distribution Gab(∆) can be factorized

into two pieces

Gab(∆) = e→R(0)
ab

(∆) · gab(∆) . (4.9)

The first is the Sudakov factor given by bremsstrahlung emission from the primary

hard partons papb. The second factor is the result of successive soft secondary branch-
ing which satisfies

∂∆ gab(∆)=

∫

Cin

d2Ωk

4π
wab(k)

[

U (0)
abk(∆) gak(∆) · gkb(∆)→ gab(∆)

]

, (4.10)

7

Here FR
a and F L

b satisfy the right and left evolutions and for the first we find

ω∆F
R
a =

1

2
ln(1→ a2) · FR

a +

∫

d2"k

2π ("a→ "k)2

[

GRR
ak FR

k → FR
a

]

, (6.26)

where GRR
ak is the distribution for a and k in the same (right) jet region discussed

above. Proceeding as in subsection 6.2 we find the following asymptotic behaviour

for the distribution with ab in opposite jet regions

Gab(∆) " e→
c
2∆

2

(

θ2in λ̂("a) λ̂("b) e
→c′

2

)∆

f̂("a)f̂("b) , (6.27)

with c′ the integration constant given in (6.12) and f̂ an integration constant de-
pending only on the rescaled variable. This expression shows that for small θin the

function fab(θin) in (6.19) factorizes and depends on the rescaled variables. The
θin-dependence is the one given by the bremsstrahlung contribution. The secondary
branching contribution does not depend on θin and is decreasing with ∆ with a

Gaussian behaviour. For the physical e+e→ distribution we set a2 = b2 = 0.
A generalization of this result is to the case where the two jets pipj are not

back-to-back but are set at an angle θij . The asymptotic behaviour is given by the
expression (6.27) with {2}→∆ replaced by {1 → cos θij}→∆ and with θa the angle of

a with respect to the jet pi and θb the angle of b with pi. The physical distribution
Gpipj (∆) is again obtained by setting a2=b2=0.

7. Discussion

We summarize here the essential physical points of our results on energy flow away

from hard jets. The interjet distribution reduces to Gpp̄(∆) in (3.7) for e+e→, while
for DIS and hadron-hadron collisions it is given in terms of Gpipj (∆), see (A.5) and

(A.11). These distributions depend on the geometry of Cout and on the jet directions.
A characteristic of interjet observables is that the leading contribution to their

distributions are SL, originating from soft emission at large angles. Collinear sin-
gularities here are subleading. The contribution from bremsstrahlung emission from
the primary hard partons does not give the full SL structure. Indeed we find (see

(4.9))

Gpipj(∆) = e→R(0)
pipj

(∆) · gpipj(∆) , (7.1)

with R(0)
pipj(∆) the SL Sudakov radiator for emission into Cout. The additional SL fac-

tor gpipj is generated by soft secondary emission, which can be described by successive

colour singlet soft dipole emission. This implies that, in the present formulation, we
work in the large Nc approximation. The soft secondary branching develops with

18
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INFN, Sezione di Milano, Italy

Abstract: We consider interjet observables in hard QCD processes given by the

energy flow Eout in a region away from all hard jets. Here the QCD radiation is
depleted (Eout " Q), and therefore these observables provide ideal means to study
non-perturbative effects. We derive an evolution equation (in the large Nc limit)

which resums, for large Q/Eout, all leading terms arising from large angle soft emis-
sion (double logarithms are absent). We discuss the analytical features of the result

and identify universal and geometry-dependent contributions. Our analysis confirms
features found using numerical methods by Dasgupta and Salam.

Keywords: QCD, Jets, LEP HERA and SLC Physics, Hadronic Colliders.

∗Research supported in part by the EU Fourth Framework Programme, ‘Training and Mobil-
ity of Researchers’, Network ‘Quantum Chromodynamics and the Deep Structure of Elementary
Particles’, contract FMRX-CT98-0194 (DG12 - MIHT).

ar
X

iv
:h

ep
-p

h/
02

06
07

6v
2 

 2
4 

A
ug

 2
00

2

Preprint typeset in JHEP style. - PAPER VERSION Bicocca–FT–02/10

hep-ph/0206076
June 2002

Away-from-jet energy flow→

A. Banfi, G. Marchesini, G. Smye

Dipartimento di Fisica, Università di Milano–Bicocca and
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In the quantity ∆ the argument of the running coupling ωs is determined by

the successive hard emission contributions and cannot be determined in the present
analysis. Detailed analysis [13] shows that, in the physical scheme, it is given by the

transverse momentum relative to the ab-dipole which here can be approximated by
the energy since the contributions to this radiator come from large angle emission.

For small Eout we can evaluate ∆ by the standard SL approximation

1→ e→ωω " Θ(ω → eγEν→1) " Θ(ω →Eout) , ∆ "
∫ E

Eout

dω

ω
ω̄s . (4.7)

The radiator R(0)
ab is then the contribution from the virtual parton in the Cout phase

space with energy ω >∼ Eout. For fixed ωs we have ∆ " ω̄s lnE/Eout.
The evolution equation (4.4) does not generate any collinear logarithms, either

from the bremsstrahlung factor rab (since the region Cout does not include pa or pb)
or from the integral term in the second line of (4.4). The latter is collinear regular
due to cancellation between the branching Gak · Gkb and the virtual →Gab terms.

Indeed, for k collinear to pa one has Gak → 1 and Gkb → Gab so that the sum in the
square brackets vanishes and regularizes the singularity of wab(k). Since only soft

singularities remain, the leading terms of Gab are SL contributions.
To SL order, we can replace u(k) by Θin(k) in the integral term of (4.4). To show

this observe that the remaining piece e→ω/Eout Θout(k) of the source contributes with
energy ω <∼ Eout (see (4.7)) while the softest gluon, which contributes to R(0)

ab , has a
typically larger energy (ω >∼ Eout). We conclude that the soft secondary branching

takes place in Cin and only the final parton enters the interjet region Cout and here it
contributes only with the virtual correction with energy ω >∼ Eout.

By replacing u(k) → Θin(k) in the branching term of (4.4) we have that the
distribution Gab depends on E and Eout only through the function ∆. We then can
replace Gab(E,Eout) → Gab(∆) and obtain, to SL accuracy,

∂∆ Gab(∆)=→rab Gab(∆) +

∫

Cin

d2Ωk

4π
wab(k) [Gak(∆) ·Gkb(∆)→Gab(∆) ] , (4.8)

with the initial condition Gab(∆=0)=1. The distribution Gab(∆) can be factorized

into two pieces

Gab(∆) = e→R(0)
ab

(∆) · gab(∆) . (4.9)

The first is the Sudakov factor given by bremsstrahlung emission from the primary

hard partons papb. The second factor is the result of successive soft secondary branch-
ing which satisfies

∂∆ gab(∆)=

∫

Cin

d2Ωk

4π
wab(k)

[

U (0)
abk(∆) gak(∆) · gkb(∆)→ gab(∆)

]

, (4.10)

7

The surprise is that the dominant part of the BMS equation is identical to the 
Kovchegov equation [7]
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Abstract

We calculate e+e− → QQ̄(k)+ anything in a certain momentum, k, region
for heavy quark-antiquark (QQ̄) production. In our chosen region we find
that the number of heavy quark pairs produced is determined by BFKL
dynamics and the energy dependence of the number of pairs is given by
ωP−1 the hard pomeron intercept.

1. Introduction

The topic of this paper, BFKL dynamics [1, 2] in QCD jet evolution
[3, 4] is perhaps surprising since it is generally thought that BFKL dynamics
has uniquely to do with high-energy scattering and not at all to do with
jet physics. Indeed, to a large extent jet evolution is an understood and
well-tested subject with the dominant dynamics being given by double log-
arithmic perturbative terms coming from emission off the primary energetic
partons. Their resummation leads to a Sudakov type of distribution. Until
very recently there has been no hint of BFKL dynamics in jet physics. How-
ever, about two years ago Dasgupta and Salam [5] observed that in order to
calculate certain “non-global” observables such as the probability, Σ, that a
jet of energy E decay while emitting less than a certain amount of energy,
Eout, into a specified angular region away from the jet, it is necessary to

1This research is supported in part by the US Department of Energy
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Non-global jet evolution at finite Nc

Heribert Weigert
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Resummations of soft gluon emissions play an important role in many applications of QCD, among them jet

observables and small x saturation effects. Banfi, Marchesini, and Smye have derived an evolution equation for

non-global jet observables that exhibits a remarkable analogy with the BK equation used in the small x context.

Here, this analogy is used to generalize the former beyond the leading Nc approximation. The result shows

striking analogy with the JIMWLK equation describing the small x evolution of the color glass condensate. A

Langevin description allows numerical implementation and provides clues for the formulation of closed forms for

amplitudes at finite Nc. The proof of the new equation is based on these amplitudes with ordered soft emission.

It is fully independent of the derivation of the JIMWLK equation and thus sheds new light also on this topic.

1 Introduction

The starting point for the issues discussed and developed in this paper is a beautiful exposition by Banfi,
Marchesini, and Smye (BMS) [1] of an evolution equation describing interjet observables in hard QCD pro-
cesses in which one asks for the energy flow Eout into a region away from all hard jets. With Eout much
smaller than the hard scale of the jet, QCD radiation into this region is small and these observables offer
an ideal opportunity to study nonperturbative effects. The central result of [1] is an evolution equation that
resums, for large Q/Eout and in the large Nc limit, all leading terms arising from large angle soft emission.
In the following, I will refer to this equation as the BMS equation. Subsequent analysis of the consequences
implied by this equation presented in the same publication confirm features found using numerical methods
by Dasgupta and Salam [2, 3]. The equation itself is nonlinear in the part describing contributions arising
inside the jet regions and linear outside. The contributions inside, quite surprisingly, have a striking analogy
with the Balitsky-Kovchegov (BK) equation [4–6], which resums small x corrections in the nonlinear domain.
There it is used to describe saturation phenomena that occur in DIS at small x, possibly off large hadronic
targets. For small angle emission in a certain frame, the analogy becomes even more striking: the contribu-
tions of BMS inside the jet regions become identical to the BK equation. That such an analogy, if it exists
at all, is restricted to the in-region, is not surprising: in the derivation of the BK equation one assumes,
in fact requires, the presence of non-linear effects everywhere and any geometric exclusiveness of the type
imposed by jets was simply never considered. What appeared to be more surprising is the relation of jet
physics to BFKL dynamics [7,8], which dominates the BK equation in the small density limit. This link has
been established in [9] and indeed comes into play in the limit of small angle emission in a judiciously chosen
frame.

I will be concerned with a different question: the generalization of the BMS equation to finite Nc based on
the fact that such is already available on the BK side of the above analogy.

The BK equation is the limit of a more general equation, the JIMWLK (Jalilian-Marian Iancu McLerran
Weigert Leonidov Kovner) equation [10–18]1, a functional equation equivalent to an infinite hierarchy of
coupled evolution equations known as the Balitsky hierarchy [4, 5].

BK emerges from JIMWLK by means of a factorization assumption strongly linked with the large Nc limit.
As both BK and BMS equations use eikonalized soft emission techniques, both in a strongly ordered setting,
it is only natural that there will be a host of technical similarities in both situations that may serve as a

1The order of names was chosen by Al Mueller to give rise to the acronym JIMWLK, pronounced “gym walk”.

1

The [BMS] equation itself is nonlinear in the part describing contributions 
arising inside the jet regions and linear outside. The contributions inside, 
quite surprisingly, have a striking analogy with the Balitsky-Kovchegov (BK) 
equation [4–6], which resums small x corrections in the nonlinear domain.

This analogy is used to generalize the former beyond the leading Nc 
approximation. The result shows striking analogy with the JIMWLK 
equation describing the small x evolution of the color glass condensate. 
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Abstract

In the context of inter-jet energy flow, we present the first quantitative result of the resummation of
non-global logarithms at finite Nc. This is achieved by refining Weigert’s approach in which the problem
is reduced to the simulation of associated Langevin dynamics in the space of Wilson lines. We find that,
in e+e− annihilation, the exact result is rather close to the result previously obtained in the large–Nc

mean field approximation. However, we observe enormous event–by–event fluctuations in the Langevin
process which may have significant consequences in hadron collisions.

1 Introduction

In certain search channels of the Higgs boson and new particles at the Large Hadron Collider
(LHC), it is often desirable to be able to control QCD radiation from tagged jets in order to
suppress large backgrounds. A prime example is the Higgs boson production in association
with di-jets. The two competing production mechanisms, the gluon fusion and the vector boson
fusion processes, have different patterns of soft gluon radiation due to the difference in their
color structure. Discriminating these processes quantitatively using some measure of radiation
is therefore a useful strategy to determine the Higgs couplings [1,2].

A related class of observables which are particularly sensitive to soft radiation is the cross
section with a veto on unwanted jets in the full or partial region of the phase space. This gen-
erally requires the resummation of logarithms in pvetoT , the threshold transverse momentum of
vetoed jets. Steady progress in this direction has been made for global observables which in-
volve all the particles and jets in the final state including those close to the beam axis. The
state–of–the–art is that one can resum the leading logarithms (LL) (αs ln

2 pvetoT )n, the next–
to–leading logarithms (NLL) (αs ln pvetoT )n and even the next–to–next–to–leading logarithms
(NNLL) (α2

s ln p
veto
T )n [3,4,5].
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Fig. 2. Solid line (red): exactNc = 3 solution to (21). The band indicates the standard error. Dashed line
(blue): Nc = 3, mean–field solution to (58). Dotted line (green): solution to the BMS equation (16) from
[22]. Dash–dotted line (yellow): result with only the Sudakov term.

with the solution of the large–Nc BMS equation (16) (dotted green line) previously obtained in
[22], 9 and also with the solution of the ‘mean field approximation’ to (21) (dashed blue line)

∂τ →Pαβ〉τ =−2CF

∫ dΩγ

4π
Mαβ(γ)Θout(γ)→Pαβ〉τ

+Nc

∫ dΩγ

4π
Mαβ(γ)Θin(γ)

(

→Pαγ〉τ →Pγβ〉τ − →Pαβ〉τ
)

, (58)

which differs from the BMS equation only by the coefficient of the Sudakov term Nc = 3 ↔
2CF = 8/3. The latter serves as an indicator of the quality of the mean field approximation
→PP 〉 → →P 〉→P 〉. For the sake of reference, we also plot the solution obtained by keeping only
the Sudakov term (first term on the right–hand–side) in (58) (dash–dotted yellow line).

9 Note that the definition of τ in [22] differs from (17) by a factor of Nc.

13

Fig. 2. Solid line (red): exact Nc = 3 solution to 
(21). The band indicates the standard error. 
Dashed line (blue): Nc = 3, mean–field solution 
to (58). Dotted line (green): solution to the BMS 
equation (16) from [22]. Dash–dotted line 
(yellow): result with only the Sudakov term.
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(a) (b)

Figure 12: NLL (single-logarithmic) tests for a non-global observable. (a) Fraction of

events whose energy flow in a central slice of rapidity is less than e�|L|Q, shown in the

limit ↵s ! 0 for fixed ↵sL, as a function of ⌧(↵s, L), defined in Eq. (7.10). Our results

are shown for the PanScales antenna shower with �PS = 1/2, with three di↵erent colour

schemes: leading-Nc (with CF = CA/2 = 3/2), segment and NODS. They are compared

to the full-colour Hatta-Ueda (“finite-Nc (exact)”) result [28]. (b) Ratio of the same set

of results to the NODS result, illustrating apparent consistency of the segment and NODS

schemes with the Hatta-Ueda result, to within its statistical uncertainty. The agreement is

potentially surprising given that our schemes do not achieve NLL-FC (↵n
sL

n) accuracy for

non-global observables. The thin band for our results represents the statistical uncertainty

added in quadrature to estimates of systematics obtained using the di↵erence between our

default runs (⌘max = 10 and ↵s = 0.7⇥10�8) and runs with ⌘max = 8 and ↵s = 1.4⇥10�8.

Our results for other showers with the same colour schemes are very similar, as is to be

expected.

methods. Recall that those methods are not expected to work beyond order � and �2

respectively. However in Fig. 12 (left) they are indistinguishable from the full-Nc Hatta-

Ueda result. To further probe this observation, the right hand plot shows ratios to a

reference, which we take to be the PanLocal-antenna � = 1/2 NODS (the specific choice

is largely immaterial, since our aim is to compare di↵erent predictions on this ratio plot).

One sees that the di↵erence between the full-Nc Hatta-Ueda result and our leading-Nc

result is about 23% at ⌧ = 0.4. Remarkably, both our segment and NODS methods seem

to be in good agreement with the Hatta-Ueda result across the full range of ⌧ : the whole

range is within two standard deviations of the Hatta-Ueda result, and in much of the range

the agreement is within one standard deviation. Some caution is needed in interpreting

these results: firstly, they correspond to one specific choice of slice size. Secondly, when

using a finite-resolution angular grid (as in the Hatta-Ueda approach), there are inevitably

original paper and providing us with the corresponding numerical results.
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Hatta & Ueda
PanScales “segment” scheme
PanScales “NODS” scheme

Leading colour

https://arxiv.org/abs/2011.10054
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where does it matter?
gaps between jets are fun, but not LHC mainstay

29
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[…] Based on this factorization we also 
resum the non-global logarithms of the ratio 
of the photon energy and the isolation 
energy, so that we control all 
logarithmically enhanced terms in the cross 
section.

[we compute] isolation cone cross sections relevant 
for photon production. We compare our results with 
fixed-order computations and LHC measurements. 
We find that naive exponentiation is often not 
adequate, especially when the vetoed region is small, 
since non-global contributions are enhanced due to 
their dependence on the veto-region size.

any time you apply photon/lepton isolation cuts 
(e.g. to predicting isolation efficiency) 
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impact of the non-global logarithms is reduced, but not removed, 
when clustering is demanded,

The modified mass-drop tagger is 
special in that it involves only single 
logarithms, and is free from a 
complex class of terms known as 
non-global logarithms

any time you reconstruct EW-scale 
resonances with decays to jets  

(mass shift & resolution)
we also include a discussion of […] 
(the absence of) non-global logarithms
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We validate the accuracy of the shower algorithms by 
performing fixed-order tests up to second order in the 
strong coupling constant, and all-order comparisons to 
(semi-)analytic resummed calculations for a series of 
observables, including Lund-tree shapes, non-global 
energy flows and Lund sub-jet multiplicities.

A factorization formalism for jet processes 
involving massive colored particles such as 
the top quark is developed,

critical for top mass? 
(how much radiation from top 

is in W and b jets)
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Nicolas Schalch, 03.03.26 – p.24/26

Comparison at NLL
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• Marzili [2307.02283 + upcoming]

• Gnole [2111.02413]

• PanScales [2307.11142]
N.Schalch  

@ SCET 2026

the varied phenomenological impact is 
motivation for past few years’ 

development of resummations and parton 
showers with higher NGL accuracy 

→ more in Thomas’s talk!
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What do I wish we’d done differently?
➤ published a plot and numbers for the NG  function, showing what accuracy it 

had compared to the parametrisation 

➤ published the code for calculating  

➤ in the DIS papers, published the comparison to fixed order 

➤ kept the plots with intermediate results (but once we understood things, it was fast 
moving and keeping “mistakes” wasn’t a priority)  

S(t)

S(t)

34
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probability of a sufficient cancellation in the vector sum. However as discussed in [22], at

sufficiently small values of the broadening the favoured mechanism for obtaining a small

value of BzE is the cancellation in the vector sum, rather than the suppression of emissions.

In such a situation non-global logarithms will arise.

In [22] we addressed the issue of this vector cancellation in some detail, showing that

it was associated with a divergence in the pure NLL resummation and discussing how

to improve the resummation to maintain the accuracy of there being only relative O (ωs)

corrections in the R′ → 1 region. However that treatment is incomplete since it did not take

into account the non-global logarithms that arise in this context due to the dynamically

discontinuous globalness.

From a phenomenological point of view, it is perhaps fortunate that these issues become

relevant only considerably to the left of the Sudakov peak, a region that we ignore in the

comparisons to data shown later. Indeed in the fits to data we use the pure NLL resummed

formula for the broadening, for which there are no non-global logarithms.

4.4 Phenomenological impact of non-global logs

In figure 3 we illustrate the effect of

0
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 d
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Q = 57.9 GeV,  x = 0.11
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No matching, no NP

Without non-global logs
With non-global logs

Figure 3: Resummation with and without non-
global logs (shown without matching to fixed order).

non-global logarithms in the resumma-

tion of ρE (other non-global observables

are similar). The figure compares (un-

matched) resummations with and with-

out account of non-global logs. One sees

that neglecting them leads to an overes-

timate of the peak-height by almost 50%,

though elsewhere in the distribution, the

effect is smaller. In practice, matching to

fixed-order calculations reduces the im-

pact of neglecting the non-global loga-

rithms, but the effects are still of the or-

der of 20 to 30%.

The effect of non-global logs in the

discontinuously global observable τzE (not

shown), is found to be smaller, at about

the 10% level. This is consistent with

the naive expectation (cf. section 4.2) of a reduction by a factor of four compared to the

non-global case. In section 9 we examine the effect of the non-global logarithms in fits for

ωs and the non-perturbative ω0 parameter.

5. Singularities other than at V = 0

The main aim of this paper is to discuss the resummation of the singular behaviour of

distributions around V = 0. However, as was pointed out in [30] there can also be singular

behaviour inside the phase space of certain observables, the notable example in e+e−

– 13 –
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In the case of ωzE, non-global logarithms arise through emission patterns of the kind

represented by gluons A and B in fig. 2. Large-angle emission of A into HR will not

contribute significantly to the observable as long as kt,A →
√
ω . However it will modify the

pattern of large-angle emissions B in HC when kt,B → kt,A. On the other hand large-angle

emission B in HC must be forbidden if kt,B ! ω . Therefore there is an energy-ordered

region
√
ω # kt,A # kt,B ! ω in which we should account for the modification of the

emission pattern of B by the presence of A. This gives a non-global log, which at second

order in αs contributes as

−CFCA
π2

3

(

ᾱs

∫ √
τ

τ

dkt
kt

)2

, (4.6)

i.e. one quarter of the contribution in the fully non-global ωtE case, eq. (4.3). Analogously,

at all orders we will have the same function S(t) as for the non-global ωtE , but with a

different integration range in the definition of t:

t =

∫ √
τ

τ

dkt
kt

αs(kt)

2π
. (4.7)

This non-global contribution was erroneously omitted in the original resummation for ωzE
[20]. This ought, in principle, to have been revealed by the comparison with fixed-order

calculations, however in practice the numerical accuracy of the fixed-order calculations

is such that it is not possible to distinguish between comparisons with and without the

non-global logs (this is specific to ωzE — other observables such as ωtE have effects which

are four times larger and which therefore can be more straightforwardly distinguished in

comparisons to fixed-order calculations).

4.3 Dynamically discontinuously global observables

An even more subtle situation involving non-global logarithms is that of the rather clumsily

named ‘dynamically discontinuously global observables.’ These are observables which in a

two-emission analysis (such as figs. 1, 2) appear to be global without discontinuities, but

which develop a discontinuity dynamically at all orders. To illustrate what we mean, we

consider the broadening with respect to the photon axis, BzE. This is given by

BzE % |
∑

i

$kt,i|+
∑

i

kt,iΘ(ηi) . (4.8)

Note that the parametric dependence on kt is the same in both hemispheres (there is a

change in normalisation dependence in going from one hemisphere to another, but this is

not sufficient to induce single-logarithms).

There is a subtlety however in that it is possible for |
∑

i
$kt,i| to be parametrically

smaller than some of the individual kt,i’s in HR, if there is a cancellation in the vector

sum. So for emissions in HR it is in principle possible to have kt,i # BzE and one is then

faced with the issue that such emissions, when they are at large angles, modify the pattern

of emissions into HC. At first sight this may seem quite unlikely because of the small

– 12 –
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